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1.1 g
A/NTT R BREEI UL AL, BT DA PR R BRI ST R

EX 1.1.1 (FEB1B) L A R/, WmRUEE pC A BHL

1. p#£ A

2. FFHEZE a,be A, mF abep, Maecp ZFE bep.
HEMNHA p £ A 9—NFKEZKB (prime ideal).
FE 111 2 UFe) “abep M acp RF bep” TUKHA “abdp Madp Ebdp” .
EX 1.1.2 % A 2 —AR.

L& F abcAHBLa#0, &ML alb, WwREHEE cc AEF b=uac. B b< (a).

2. WmRAE pe AT (p) A—NFEE, KRMHEMRZEA p A prime element. RFEFMELA p #HZ: =X plab
A pla 2F plb.

3. re AAERLELLRE unit(BPARGE t € AEF tr =1). 2R r =ab W a R b Z—" unit, W r A

irreducible element.
4. 3T abe A, WmRBEEEAN unit u € A* 1£4F a = ub, WA a,b & associated #9.

ENX 1.1.3 (EHE) X AR AR, R A2 T REFRT DT E LR, WAHRZNZEZ-ANEHEA (principle
ideal).
do R A —/NEEIR, HIRF A G AAR R £248, NAARIANFA ZEBIK (principle ideal domain).

EIE 1.1.1 £ PID +, HEEREZREHAM KL, § TR REAEALETLE, L PID b, —A2HEZ2IEREE
Y HALY v A M KA

I 1.1.2 % A A —AKBIF, 2 Alx] & PID AL A & —/

WMRA KRN AF T RIS, AT LUES PID RN G 3R & — A KA E 1.



H—% A EmIR 5

Bl 1.1.1 Euclid %3 % PID.

& 1.1.1 1. Prime elements are always irreducible.

2. If A is a PID, then irreducible elements are always prime elements.

EX 1.1.4 (E—DREIR) X A L— A%, WwESTFEELE ac A, BAPB a = pipo--pn, EFP po € A H
irreducible elemts, 7 HiZ 5 fEE—k € T associate, Bl R B EE irreducible elements 895 a=p)---p.,, M m=n
FAMNTAEZEAT I, P =pou), TR oeS, A—NEH

EIE 1.1.3 2 UFD ¥, % a & irreducible element % AL % €2 prime element.
E 1.1.4 PID — =242 UFD.
I 1.15 % A R—AKIF, Wk AR UFD, M4Rk5AXF Alz] €A UFD. #t— %3, Aley,--- 2] &2 UFD.

B K EEE T IR AR AL

Rings [ maximal ideal < R/I field = R/I integral domain <> I prime ideal

Integral domains p prime element = p irreducible element
Non-UFD example: Z[v/—5]

UFDs p prime element < p irreducible element
PIDs I maximal ideal < I prime ideal
R UFD = R[z| UFD
EDs e.g. Zli], k[z] Classification of
finitely generated e.g. klry, ..., x,]

modules over a PID

K 1.1 AR E A H R R

1.2 FJRREY

EN 121 %G 2Tk +:GxG—GR—A Abel #, H#EAR*EZH - NxG—-Gn-gr—g+---+g, BB nA
gEG ¥, mRHTHEZEY neN ge G, HBELEREGMF g=n-h WK G HTHH (divisible group).

iE1.21 ARHA AN, CEZROTELERERA-AAREK.



1.3 B Ea R4 6

Bl 1.2.1 AKX TmEGHE (Q,+) A—ANTHE. t—Fx, T# (Q/Z,+) LRX—ATHh#H#, 04 Q- Q/Z & A
PRt A 8 R R —AE S (monomorrphism) 42 &R A —A M & & L LW EH (injection). 24T -
Bk G LR—ATIRE, FAH fg:G— Q RFTETH

N

Q——Q/Z

K zeG, AERBIFGHFTHE n(f(x) —7(g(x)) =7(f(z)—g(x)) =0+2Z, B f(z)—g(x)=n€Z. =k n#£0,
WG ATGRET b ye GRF z=2n-y. TA

f(x)=f(2n-y)=2nf(y)

=
1
f(?/) = %f(x)
89T 13 )
9(y) = %g(@")-
F8 8 7T %

F) ~ 9(y) = 5 (F@) — g(a)) = 5

AL ye G n(fy) #m(gw), ZETFAE, n=0, B f=g, ¥ 7 A —ALRAE. BRLKARBEIZ—
A5

1.3 1\ ERRE

EX 1.3.1 (I ERMKED) X K — A3k, A K LoyBH=0. mR A LAE-TIEH  cAx A ABRAUTEE
N

1. Z5BENT 2,y,2€AH (x+y)-2=2-2+y- 2
2. EpBEMNT vy 2 AR 2z-(x+y)=2-2+2-9.
3. %4F abe Kiz,y€ A (az) - (by) = (ab)(z - ).
MAR AR K ERHR BTN K-KRH.
B, K K S5HONSEHIA R, W ax HSERME EREEE, K A 550088, TRATE X
EX 1.3.2 (BERREN) X R AR, M A RAE. R M EEAZTEH M x M — M #HRATEHEEN:
. Z98E ST ,y2eMA (2+y) 2=2-2+y- 2
2. EHBBE MNT v,y 2eEM A z-(x+y)=z-x+2-y.

3. % F a,be K;x,y€ AR (ax)- (by) = (ab)(x - y).
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AR M & R BRI RAZEITA R-KEL

N T E XATBRAERRAEL, BT ZE L as SR #3h BRI R-BE M OsBAbR R-BE A, IXH A 23, JIf H AR
B B Jm— 2k AR RIS SR

EN 1.3.3 (EAKE) % R ABK (TURK), K AR R, HAF A Lbimkf RAE A Léymk—5. 48
SFreRz,yc AR
r-(zy) = (r-a)y=2(r-y).

AR A A R-246RKRHK (associative algebra). 42 % A A %K, MNARAHXB{ESRE (commutative associative
algebra).

EX 1.3.4 (BIREMAE) 4 A BB K 69O RHK, R EEARSIANIALE 11, 2, CARFHTHEE A P8y
TFART VA y HRTT AR T R R4

y=a1x1+ - +apxr,, a € K,i=12---,n

AR A A B REBRREK (finitely generated algebra).

1.4 RABPRIRH
A SIS, 5 % AL,

EX 141 (REY) % f:A—> BRERE. R B A ABATRE ab= f(a)b, £F a € A, be B. L KMAFR B &
Bl A-A2 454 A A-R¥K.

i 1.4.1 A2 AR LMY T XA restriction of scalars.
HE X ULEEZEAEH, AREGES B EFR—1MHFAZR f: A — B2l AREBERARFEZS f: A — B Z&n] LEAZA H ).
Bl 1.41 X AR—AR.BEARRAS [ Z oA z—2z- 1. TRTUZX ZHBEME A L, TR A#KRE A Z-KRHK.

EX 142 (AREESES) X f: A—> B,g: A= C AAANRRL. TA B,C A ARK #£ h:B— C AA-RERS,
Y RER—AFRSH LER—NMER L.

ATLABRAIE b 2 A-RERIS S HN S g=ho f.

BN 1.43 (EIRRE) it f: Ao B AKRA, Il BA AR W% B AARAR AL, Uk B HAMR AR
(finite A-algebra), RFHE#H f ZAHARRAS.

EX 1.4.4 (BIRERKE) X f:A— BRFRASBH ARK. R GEAWREANLE 21, 2, € B %13 B P&94E
BE—ALEMTARAL 21, 2, AKRZTL, A AZFKNEZALEZAIET (BWEEHH Alxy, - ,2,] - B), WAk B A
ARER A-RE (finite generated algebra) 3 FH A f RABRAE (finite type) 49.

AN T T A PR AL AN BRARE T .
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B 1.4.2 % K R—A3k, FEFKRAD f: K - Kz] €l k¢ K B2 ZRAXGFHAL. N Klz] & K-R¥. R
K-#, AARTH Lz, 2", 2" RALFT SN, HETRR—AAR AR 22 K] FoEZ—ATEHT A
Wk e ARZRL, AK PAFARENZARNERT, WAAEHH Klo] » Klz], ¥ Klz] £HRAER A-REL.

HSAT AT PRACEHR 2 A PRAE R (AT BRAE BAEA — 5 A IR
A 1A FRARECRA FRAEACEL, Bl 10E AT BRAE A

EX 1.4.5 (BIRERKIF) A H—A3R, RN Z-REEARAERN, &N A HRRERIRK.

1.5 I8
EX 1.5.1 % R A%33F, R*=R\{0}. #/& Rx R* L&FMXZ
(a,b) «~ (¢,d) <= ad—bc=0

I (a,b) HARETHFNEA 2 R LHE (Rx RY)/ ~ Ltk 5Rkiz i

ac

a ¢ ad+cb a

C
b dT T bvd b d bd
STARIEZIE H T AEF (R x RY)/ v A —Ak, HitH Frac(R). A4 XK (quotient field).

EX 1.5.2 (REH3K) X L/K R—ABI K, 22X L PHEALEAA Klz] #EMNERZ A XG4, WA LA K #
REY K (algebraic extension)

EX 1.5.3 (BB K) 4 L/K R— MBI K, 2R L PHE-NLEARE K[z] PEEZAXGR, WA LE K
BAY K (transcendental extension).

T L AlEEN K ERZRYER Ve, FTUAFR dim Vi NEEY KEDRE (degree).
EX 1.5.4 (IRMBIRR) TS K L/K, L P& o £ K LD ZERKX (minimal polynomial) 7 VA o AR

degree K& 6, Klx] Fo&H— %M.

EX 155 (ARBIRR) Tk K P89 5AK f(2) € Klz] #AERKIAKR K PAHEY BAARRQARN, WARZSR
ARTH % AKX (separable polynomial)

EX 1.5.6 (ASHK) & B/F ABY K, wRkdF E FHEELE a, €& F LD SAXHRATH SZAX, WA
E & F 8T 9% 3 (separable extension).

% F A F 4 algebraic closure, W HEE——ANT oy ik K, €047 K PR K 89T 95 K, KAARZIA
K 3 K &) separable closure & Z R 2 K & EMY K.

ENX 1.5.7 (IEHHK) % E/F RREY K, 2R T EFPHEELE o, € F LN S AMEE E P RL2SH
AFdm c(x —a;),a;,c € E R, BREAMEREFTRM, WA E A F GERY K (normal extension) X quasi-Galois

extension.

FEX 1.5.8 (Galois #'3K) 4= %33k E/F Rt & EMY KA 55K, WARLA Galois ¥ 7.
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EX 1.5.9 (Galois Bf) % E/F A Galois ¥ 3k, W B #H s by 8 BH %4
Aw(E/F) ={a: E— E:afZRMEL a(zx) =x,z € F}

X Twstey L oMM —AN#, HRABY K E/F 4 Galois #, iTA G(E/F).
FF =K, &NAEBT K K /K 49 Galois 3 G H#%3t Galois # (absolute Galois group), #F K5
A K %9 separable closure.



2.1 MESEMES
EX 2.1.1 (FAE) & X £ 4sil= ], presheaves(HE) of set F on topological space X F§VAT M % :
1 FHE X FOFE U, AEES FU). £k FU) 28 TEHRE (section).
2. MTFHFEV CU, BEBRFBYH respy : F(U) = F(V).. mREHFBAFE W CV, WATEEHE:

resy,w

F(U) FW)
FV)

}}ai)c’?’ﬁ‘:'% u=V, gl resy,u .F(U) = id]:(U).
211 1 BAREESNES, ERBLELGHERLT, KM resp v (f),f € FU) A flv.
2. BANT AE F(U) A RSB Abel 2, AN ACFA sheaf of abelian group [See in GTM52).

Bl 2.1.1 FEfEdEd X =R EWAARRHK. HTHEENFE U CX, £ U LHARIRXTELESEmETU
M —ANF Ox(U). R H V C U, ARBBAHALTHEGRF], CHLZXFTHRE—NFMH, PTL O Z—A
presheaf.

EX 2.1.2 (B5=) & F &—A presheaf on topological space X. 3t F X ¥&F % U, &ML f e FU) H—/A 318
(f,U). TAAE section T A —NEE. FF X F8—A 8 p, KMNEEIA section MR EEFH_TXF
T (f,U) A= (g,V), - peUNV. WmRHELE W C(UNV),pe W #£4F

flw = glw

WAR (f,U) A= (g, V) BERXF «, LA (f,U) ~ (9,V). THERIEXZ—ANFNXE. & (f,U) ERGFNE (f,U) #&
AEE p IR (germ), ARAFTA section MBI ESRARINFN X ZFHOHE

{(f,U):peU feFU)}/ -
A F b p % (stalk), iTAH F,.
iE 2.1.2 Stalk $9F XA : HTFHAY X POFE U, F, 2T colimit:

F, = colim F(U).

10
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B 2.1.2 £ 8H2.1.1, TAKE stalk O,, #AHFEEFE U, TUKE OU) - 0, 9udt, B 0, £ OU) &

colimit.

EX 213 (HEBS) APt FAEEZEABIFFYOTEEIMARR, PROSTHIBEATFTHS. I T—ATE
U, R BEEEEGH {Uticr 7 U=U,.; Ui, NAZzEE%RA U 9—/NFEE (open cover).

EX 2.1.4 (B) BARNX2.1.1F45325. —A presheaf F 4o Rith R AT &t
1. Identity Aziom: 3 THZENTFE U, ABRFEE {Uics, 22X T fLge FU) A
flo. = glv,, i€l
nof=g.
2. Gluability Aziom: s THENFE U, UAFEE {Ulic; & fi € FUy), /B THEES i,jel &
filvinv, = filvinu;

W#HE feFU) &
flo, = fi

AR 4 HAFR F H—/ sheaf(B) of set on topological space X.
E213 1 HFANELETE— ANANTRLE T AN
2. —EHEMAFIm—FNE, B F(0) A —NELEE.
Bl 2.1.3 E842.1.1, & TFRFBRAERELERS, IRABELERI pasting lemma, O AKRZE—A &,
Germ FI Stalk [f]5€ X5 presheaves 1564 —3, X E AR
Bl 2.1.4 =R UV RAAMRGFE, R2aNE F)) RELEE, KRNA
FUUV)=FU) x F(V).

BATAT LA sheaf F & B — MEA W L) covariant functor. B F : Sets — Sets, U — F(U).
T H—/N 2 presheaf {HANE sheaf B)—N .

Bl 2.1.5 HARE GBI R, HBXFENE U = (a,b), A% F(U) REAFRKILARGEES, ©XTHHOGRF 22—/
presheaf, 122 C A2 sheaf, BAHH y=x AFRXBEIRZAHFE, 22 CTTABAS, BATRAEESEH —NLF
SOE @8

AN E SCE I A F.

EX 2.1.5 (equalizer) & XY &% C FHAANME, f,g RAM X - Y 8954, wRELESRE F ARSS
eq: F — X R FTEENHHE O AR O - X RAFABREAI, NAEEE-WEH O - E RAEANABREHE. K4
W#H E— X & f,g 8% equalizer.

E%X:f;Y

)
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HABA 2 MR EGTEET, 64208 X 2] Y 698 £, 9 89 equalizaer & X 7 :
eq(f.9) ={z € X: f(z) = g(x)}.
WRA 7EAE L, W sheaf HIE LFTH—> equalizer 1E5 75

F(U) [[F7(U) —=I1FU:nU;)
For. H identity axiom RRFILE F(U) &IEH. H gluability axiom RRFITE [[F(U;) AIEA.
ENX 2.1.6 (BREIB) % F & X L& E, 2 XRHE Fly, RN FFAEV CU, A Flu(V)=FU). %h B2 U Lty
.
214 LEEMBEFTEU AFAER A X 89T 3840, AV RIEIZER U 7%, AELRIEIZE X 697 %,

i 2.1.6 (Skyscraper sheaf) & X &—Adsdl=H], FHE pe X. BR—ANES S(ETUTRE X BT %). & i, :
() = X A—AfA, RERL i, A
S, eU,
i, S(U) = { P

{e}, p¢U,
HEb e HR—ANBRZGTEIRT. ©AT VU GRS B4t
u, pevV,
resp,v(u) =qe, pé¢V,
e, p¢V,pel.

M —A sheaf. ZAV#RA Skyscraper sheaf at p.

TEX 2.1.7 (Constant presheaves and constant sheaves) 1. & X & —AMsdh2 M|, Fik S AE—% 4. 2L S, (U) =

S, U & X 8977, TRARIEE X T IRF B A 18 F gt H) s — A presheaf. KN H constant presheaf

associated to S.

2. ERAEL@ITS. & F A—A sheaf, HiX F(U) ZH U — S 453w 0, B THEEZ pe U, HE p 4948
B, BAEIZARR LR FEAA. © K T B RF MR —A sheaf. iTH S, HHRA constant sheaf.

£ 2.1.5 1. XT constant sheaf, —/NRIFQHRE R : KT S H#dedl, KRBk FU) AELEBHHMRGES. XAET
B2 & —A sheaf 89iE ERFLHH ).

2. 4R U=0,5,,(0) REFZL. 2-AEL S0) H—A B RWGEEE.
3. B S, (0) A—AEEE, TL—REHLRHRT sheaf
5l 2.1.7 (Morphisms Glue) % X,Y R4s45H. BX U & X ¥87F %, ©=LES
FU)={f:U—Y:fRELBH).

BRX F(U) BI9F% V CU,F(V) 8IR%I B4 A BAHGIR%]. W& pasting-lemma T AR E] F 2 —A X L& sheaf.
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f5l 2.1.8 (The espace étalé of a (pre)sheaf) KiL%XAE, £F5

ENX 2.1.8 (sheaf BYHEHEE direct image) % 7: X — Y £ —/ANedlhalEgmkst, B F & —A presheaf on X. KRB =
X presheaf m, F(V) = F(r=Y(V)), £+ V Y L#9—AF %K. TAH F R—A presheaf A KT 7, F & —A presheaf.
KM A G m BHF XFH F 49 direct image.

5l 2.1.9 (Skyscraper sheaf {E/9 constant sheaf BIEHH) =1c#12.1.6, Skyscraper sheaf i, .S T AMAA i, : {p} = X
& constant sheaf S.

— BIRATE R RITERE, BA TR 275 BIHEH 2 TilE 2 (M 1R 1~ Setsy — Setsy-.

IR 2.1.1 (RIEHIBESHY stalks FIRBREY) % 70 X — V R4pd2 M2 9% Suedt, % F is sheaf of sets on X. 4o
£ 7(p) = q, WAL stlaks 2108 A ARH (1.F), = Fp

MERR E¥E—:  E WU

o (mF)g = Fp, (V)= (g, 1(V)),

H VoY gL BT o &g, U TERMN g eV, FIEpen V), MEZERFIE, e RE X
. 3X AN BISR  R FRAT 1L 1) RIS

E¥EZ: BT F,=colimF(U),U & X FFF4E, HpeU FENA (7.F)(V) = colimm,F(V),V & Y HIFEH
qe V. BATELLTHE, EXFAEEM Ui I,pe U, RZHM.

N

FU) —————— F(U.
i) kTR i)

By aU) =V, n(U;) =V, W qeV,V; IFHA U C7='(Vi). TREAHTLLFE:

/\

XA REAAFAE

F(Ui)

7| |res 7| |res

.F(Tl'_l(‘/i H %THLTﬁT‘f (W_l(‘/j))

\/

R F(U) ZH U NE SRS i i 4. A1) f; € F(U;), Hig

fz(:r) _ {fl(x), x € U,
e, ze€n Y V)\U
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TREMNBET i FU) = mFV), fims fo 3T j 2 FU;) = m.F(V;) B 24,
HIXANE T UUE 1 (7.F), B2 F(U;) B colimit, H colimit M1z M5 n] LIS HAFEME— IS (m.F), — Fp. FINF,
Fp WiE m. F(V;) B colimit, MUFFAEME—IIAH F, — (m.F),. WAFETEHE ERIEN F, 2 (1.F),. O

iE 2.1.6 LA ARGk, FEHEAL
EX 2.1.9 (Ringed Space) % Ox & —A> sheaf of rings on topological space X.
1. &M#441% (X,0x) A ringed space.Sheaf Ox LAEARA structure sheaf of ringed space.
2. T HFE U CX, &4 Ox(U) ¥ EARA functions on U. 4% functions on X # global function.

iE 2.1.7 X2 function AR —ANBARFE R B I, e RAR —NES PR BN Ox(U) ¥ 89T E AR B
AT F, BAVRATH A function, JBH A reqular function. it5 Ox £ VAJGBKINAIE structure sheaf of ringed space X.

EX 2.1.10 (Ox-#8) & F A—/ sheaf of abelian groups. 3+ B3t THEFE U, F(U) 2—4A Ox(U)-4%E, &AMtk F
AOx-#.

XTIERBTMA U <V, UTKE

Ox (V) x F(V) EEo F(v)

Ox(U) x F(U) 2= F(U)
AR
EI 2.1.2 R (X,0x) £—A ringed space, 5+ L F Z—A Ox-#, Wi FHEELH p e X, & stalk F, L2 —A
Ox .

WERR %6 Ox, KT BAMINEMFGE] M — . T F 22— Ox-1%, # F(U) £— Abel #f, TREZMNME
Fp I BRI A e ik -

(LU + (g, V)=(f+q,UNV), (f,U), (g, V)€eF, FFFEMH f+g THINEZE FUNV) ERINE.
(a,4) - (f,U) = (af, ANU), (a,A) € Ox,(f,U) € Fp, F5JEMH af N Ox(ANV) HHIFE.
AFEIAEIXA 3R E HYIE S R X, HIRATE SR i e A 5E L. O

2.2 TJ }= % E,Jll..\%-,l-

ENX 2.2.1 (iﬁ%Zlﬁlﬂgﬁgﬂ') Let F,G are persheaves of sets (or you can change set to any orther object, such as group,
rings and so on). MERKEH : F -G AUTAR:

LA FEEFE U, HESH oU): FU) - G(U).
2. HTFRUAV < U, B

RN
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EX 2.2.2 (BZAHTSE) 22 A R ATEZ M)A S, AFETHE, Oy A2 AN LR AERA
(KB ERERL).

Bl 2.2.1 (E=RET) %5 R AR LArkdedl, & F 2d R EABIHRMRA sheaf, FiX G A8 R 488 M Ry
sheaf. MATUAEN ¢: F = G, HRMNTHEEZEFE UCR,U): FU) — GU), f > f. CHLEHRZKEABRABEE A
a, ’fﬂ “@ 3&1:” 7710 ].

R4 H— L L5 presheaves of sets on topological space X FRHIJEEICL A Setsy®; XM H sheaves of
sets on topological space X R HIVEREIC N Setsx. IS4 H presheaves of sets on topological space X 5 sheaves of sets
on topological space X 75l N AbY°, Abx. H Ox- B ITE LN Modo, .

EE 2.2.1 (i) BEZBERIRGIAIESHEZBIRIIREY) Let F,G are (pre)sheaves of sets on topological space X. AR 43¢
THEEN pe X, () EZ RS ¢ F — G TTAEFH £ L&At ¢, F, — G,.

i 2.2.1 Rewkay A E L, BESHT Setsxy — Sets, RANARZX 49K T A stalkfication functor.

WERH E X

G Fp = Gp, (S,U) = (U)(f),U), pel.

IRm R R U, S, WRAAE (F,U) # (g, V) 1 (f,U) v (g,V), MAHLEFEW Cc(UNV)EFpeW
H flw = glw. 382 e R RS 1 22 e m

o(U)(Nlw = o(W)(flw) = o(W)(glw) = ¢(V)(9)lw
B (@U)(f),U) « ((V)(9), V). O
¥ 222 AERMEZZLHT stalkfication functor F : Setsx — Sets, F — Fp, ¢ — b,
Bl 2.2.2 & 7: X - Y RIBIEH XY 2 egE LS. £EL pushfoward, HAMT AMER T 7, : Setsx — Setsy:

Obj(Setsx) — Obj(Setsy), F > m.F,
Mor(Setsx) — Mor(Setsy), [6(U): F(U) — GU)| — [¢(n(U)) : mF(w(U)) = m.G(w(U))]

ARBESHId:F - F,idU): FU) - FU) TAA m.(id) = ide. (7). FEFT ¢ : G - H, H 71.(¢ 0¢) = m.(¢)oma ().
# ER BT A convariant FF .

EX 2.2.3 (Sheaf s#om) Let F,G are (pre)sheaves of sets on topological space X. B X Hom(F,G) it &
Htom(F,G)(U) = Mor(F|u,Glv).
T VAR E & —A sheaf, &AM A sheaf F#om.

WERR HRBRANNEM AHom(F,G) 52— presheaf. 28 Mor(F|y, G|v) AR RGN THEMIKAN V — U, & LR
A4
resyy @ HLom(F,G)(U) — Hom(F,G)(V), o oly,

X oy L oly(W) =a(W), W C V KIZH.
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HRW <V o U RBIHENIRA. B2 K

Hom(F,G)(U) HHom(F,G)(W)

~

Hom(F,G)(V)

e AL,
FHEHER A sheaf. % U C X & MIFE, HiE (Ul 2 U MIFERE. XIT identity axiom. FATE 01,0, €
HHom(F,G)(U) W2 01|y, = oalu,,i € 1.
XNTHEEWITEV CU,
or(V): Flu(V) = F(V) — Glu(V) = G(V).

XF oo(V): F(V) = G(V) UM ik pe F(V), A =U;NV, H

UAi:U (U;NV) (UU) N (UV) =UnNnvV=V
el el el el

AT { A Yier 2V BI—NES. B o1y, = oolu, TT1F 01|a, = 02|a,,i € I. BIHICEUE SFom(F,G) /& presheaf,
4 HE

5 e P AT R

o1(V)(p)a, = 01(A:)(pla,) = o1]a,(pla,),
o2(V)(p)|a; = 02(A:)(pla,) = 02]a,(p|a;)
HT o1]a, = 02fa,s # o1(V)(0)|a, = a2(V)(P)]a; B 01(V)(p) = 02(V)(p). BT G /& sheaf, # o1 = 0.
A UEW] gluability axiom. ¥R RTHEIFITE & fF 5. RATE ¢ « Flu, = Glu,,i € I N Hom(F,G) IR, B2
Silvinw, = ;lviny, BATTHEEERF] ¢ 72 6|y, = ¢
XTHEV U, BATZBETHNITEMIE {A}icr 1ERV B, SRIEE XL g = gla, N F BB, X THEER
¢i + Flu, — Glu,
$i(A;) « Flu, (Ai) = F(Ai) — Glu, (As) = G(Ai),  gi = ¢i(Ai)(g).

AT £ = ¢:(A:)(g), 5 BT BRI AS S O A ek T
gi‘UiﬂUj = gleimUj.

EB%# ¢z‘|UmUj = ¢j|UmUj ?%'ﬁ Qsi‘UiﬂUj(Ai n Aj) = ¢j\UmUj (Ai N Aj) Lﬁi%“ L |A NA; — =t ‘A NA;
HT G &—> sheaf, HAFAITLAEKE] t € G(V) 17 |4, = t;. REHRMNTE X ¢ € %om(f G)(U)

o(V): F(V) = Flu(V) — G(V) = Glu(V),
AT LUK V itz U 74 (HOWITEER).
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e U, XTIET U, #ATHE
¢i(T) : Flu,(T) = F(T) — Glu,(T) = G(T).
WA, =TUU; M {A}jes BT W ATPE. B g & F(T) PI#I, JFHEX ¢ =qla,j € J BRH
Gjlagnay, = arlajnay, ke

Hﬂ% ¢j|UjﬁUk = ¢k|Uijk ﬁ&

bilu;nu, (A5 N A%)(Q|A9m4;€) = brlv,nu, (A5 N AL) (g |A3ﬂA§C)

b5l (A5 N A (@) arna, == drlv,nv (A) 0 AL (@) | arnay

HT G & sheaf, TATHTLMKE] y € G(T) 113 ylay = ¢,;(4; N AL (q). TREATES o(T)(q) =y, d(T)(a)]4, =

;A NA (), ke Bi=j=ki, H
O(T)(q)ar = (1) (@) rrv, = ¢:(A7) (@) = ¢:(T NUs)(q).
HTTcCU, i
o(T)(@)|rov, = (T)(alrrv,) = o(T)(q).
was dlu,(T)(a) = o(T)(q) = ¢i(T)(q). BAFAE & 15 lu, = - O
¥ 2.23 EFEZGA, Hom BH stalks AT L Heby, B
Hom(F,G), 2 Hom(F,,G,).

BT . Hom(F,G), — Hom(F,,G,) T ARAZi#HH.
& F &8 p &8 skyscraper sheaf i, ,S of abelian group , 3T % U,

. S, pel,
Z*,p(U) = {
{e}, pe¢U.

ARACHEE p 0 stalk 79
bxpSp = {W :pe U}
HH & constant sheaf i.,S, B THE U, H(U) T BGZ T hobd.
WRpEV, BPV R-AFE, B2 Homi.,S,i.,5) (V) T RABS e 0.
W R pe V', M Hom(i.,S,i,S) (V') REBH i, ,S(V') — i, S(V') M) Abel #. % h: V' — H ZAF-FLEY
B, M hlyo_ ) € L, SV — {p}) LAIEFAE, 128 d KA

ivpS(V') i pS(V')
GpS(V = {p}) —= 1., S(V' — {p})

T by gy B IEAF I TR K ERE Aom(ispS, 1.,5,), = {e}. 18- Hom(i Sy, ipSy,) = Hom(i. Sy, i.pS,)
RAEF LAY,
¥R L, Hom(F,,G,) — Hom(F,G), A T Z LA
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X sheaf om, FATEAIRZUEAAFERE L. 25017, W F, G are sheaves of abelian groups on X. FEfLLH,
BATE L Homayy (F,G) = Mor(Flu,Glu). K, W F .G & Ox-1, FTAZRBHTT € L Home, (F,G). I
R Home, (F,O0x) N F 1 dual.

TERA B GO, BATEFEE AHom B Mw, VRTEER ZEBRIEAT AW T & L AHom.

2.2.1 Abel BEHFER LI — Abel ol

BATHT LR FUZMIER LA, 28007, B o0 F — G, Hoft F g BRI X b Abel BERTZ. BATHT
PAHT (@ + ) (V) = (V) + (V) KE XWeEF o + . A4 Abel TEMI I TEEZ —A> additive JEBE. (TEA/N o, FrE
TEH BT Abel B TUZEUR)

N T i A IXANEE A — S Abel JEB%, AT € X kernel.

EX 2.2.4 % ¢: F — G AHENSSH, &M=L presheaf kernelker,,. ¢ 4% (ker,,. ¢)(U) = ker ¢(U).

BTATBUE kerpe ¢ &—NTHE.

WERR W UV RPN H U -V, HEK

d(V)
—

0 —— kerpe ¢(V) —= F(V) Gg(v)

3! ireSVTU resy,u

v #(u)
0 — kerpre ¢(U) —= G(U) ——= G(U)

BT kerpre 9(V) — F(V), kerpee p(U) — F(U) 43552 ¢(V), 6(U) H kernel, LA A7 34 AL & v LS He i, I ATFAE
ME— ST 1 kerpe ¢(V) — kerpre ¢(U). FATHE 1 BAERZ kerpre ¢ LII— restretion.
WAMBHEW — U =V, HEZHAE

0 —— kerpe ¢(V) ——> F(V) —=G(V)

J75% \Lresv,u lresvyy
\ .

2

0 ——kerpe ¢(U) ——G(U) ——=G(U)

2 J/reSU,W lreSU,W
\ .

00— kerI~‘>re ¢(W) L’ g(W> - g(W)
FATE XL resy,w = resyw oresy,y, WAFEME RIS ¢ : kerpre 9(V) — kerpee (W), 1K

kerpre p(V) kerpre p(W)

\/

kerpe p(U

W x € kerpe (V), FATH
i3 0 p(x) = resy,w oresy,y oty (x),
i3 0 fi1 © po(r) = resy,w oresy,y o1 ().

ﬁ& igo@:igo(}holm)- EB%?E#E(JHE l‘ij‘%uy @ = U1 © Wa. EDJ:F/E]EI/\&E/J Ei): EEI]E ri’ kerpre¢(U) _>kerpre¢(U)
P EE T O
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FAt, € X presheaf cokernel cokerp,. ¢, ‘E5 kernel /& dual 1. 498 kernel 1 cokernel #ROREFAG 7E T H 1)
Z .
TR 2 5 W GE SO AT LLERAIEAL Abel BEI#) presheaf FRLIKITENE & — 1> Abel 14,

EH 2.2.2 HEH R T

0O—=+Fi—=Fo— - —=F,—=0
AESMS ARG THENTR U, 7
0—-FU)—=FRU)—>--—F,U) —0
A EAH.
HA1S EXFER], Abel BERIZMAITEW 2 — 1 Abel Jil.
EX 2.2.5 & F,G RAA Abel #09)%, HIX ¢: F - G RZMMEH. £A12 L
ker ¢ = ker,. ¢.
XA E L R AV A TEZ G, I kernel U NTUZARE, UEMIUNT

HEER FATCEHNTE kerpe ¢ A2 —NE, WA FTEEE identity axiom F gluability axiom. X TAEEMFHE U, LK
o(U): F(U) —» GU). & U W—"NIFES {Usteer, 1 Nfahnte, HEE

0 Kerpre 9(U) 2 F(U) — s g(v)
o]
0 kerpe $(U0) 2 g(03) 2L g (0).

)&- T1,Ty € kerpre(U) ‘JV%/E I1|Uk = I2|Uka kel %BQ\EE Z(Uk)(ZE1|Uk) = Z(Uk)(I2|Uk) EI%H Z(U)(l'l)lUk = Z(U)(I2)|Uk, ke
I. T FR—NE, bhi(U)(x) =i(U)(22). HT i BN, FrLL 2y = 2,. identity axiom fFiF.
H& 2, € F(Up), kel HANTAEER k,jel H Tr|venu, = T5luenu; - ®ANTEH

i(Up NU;)(xk|v,nv,) = iUk 0 U (24]u,n0,)
[i5¢
i(Uk) (@) |lveno; = i(U;)(2))|venu;

T F AR, U y € F(U) WL ylu, = i(Us) (i), k € L. XA ¢(Uk) (ylu,) = 6(U)(¥)|v, = 0,k € I. FXE
H o(U)(y) = 0. Bl y € kerpre p(U). FITLA gluability axiom 5. .

53] 2.2.1 % & C & H classical topology. X Oc¢ & sheaf of holomorphic functions, #iX F & presheaf of functions
admitting a holomorphic logarithm. W7 3]
0=+2Z—0O0x = F =0,

HF Z - O0x RARHBN, Ox > F A frexp2mif). A EERRRESLST], FEH F RE sheaf.
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2.3 H Level of Stalks Fr/RERIEE, Sheafification

2.3.1 Stalks FTREBMEE

EIE 2.3.1 (sections AJH germs FTRTE) & F & — sheaf of sets(iX L&Y sets T A rings,groups, H51E & LA haikd
eyt %) M THEEFE U, AEBRES
FU)— ] 7

peU

BF sections B germs Pk E.

MERR %
FU) — H Fp, s> (Sp)peu,

peU

Horft s, = (S,0),p € U A germ. WH (s,)per = (5,)pev» WHTFEEM p € U, F27E p WA U(p) € U 173
5|U(p) = SI’U(]))‘ Elﬁﬁﬁﬁﬁ"] S U, ﬁd]”%“i” U E‘]—/I\ﬂ:%%él {U(p)}peU. EE:J:‘ F IEll: sheaf, ﬁﬂﬂi S|U(p) = S/|U(p)’ E&
s=s" R (,25 %ﬁﬁj‘ 0

EX 2.3.1 (Compatible Germ) & (s,)ycv € [Lev Fos R AEEU GFEE {Ubicr, FEABE fi € F(U),i el 4%
N FEEN R geU;, fi 5 q &8 germ A s, WA (s,)per B compatible germs Pt k.

EAEMEXA: HTHEHEpecU, Ak p WFR U, UAS,c FU, HAMNTFHEN qecU, & 5, =s, N
# (sp)pev B compatible germs FTH) X,

B)2.3.1 3% X AH#dlEE Uc X ATk, F R X L6 sheaf. AR (sp)per € [Ty Fp A compatible germs H% 9.
AURR ) ZATFRIMRS S (U, U, Us} R U 8FBE, AR fie F(U)i=1,23 BRNTEZM ¢ U &
fi, = 8q. MAMT & g U HMA

fi, =8¢, q€U\(UsUUs),
flq :fzq :Sq7 qe (UlmU2>\U37
fi,=fo, = f3, =8¢, q€UiNUzNUs.

SN FU) FIHAER s, A4 H compatible germs M8 (s,) e B A, HH T XA E BIATFIE, X
5 (s,)per #h& F(U) —ME&.

EI 2.3.2 & X &4&iEW, HIX F is sheaf of sets on X AEAFE U C X. MAEI F(U) W4 section s, 12|49
compatible germs T MEY (sp)per € [ ey Fp AR B

FU)— [ %

peU

1%

HERR BT (sp)pev € [1,ep Fp 72 H compatible germs FHARINT. B CATEIAFAE U KT & {Utier YR fi € F(UL)
B TAERM g € Uy #H fi, = sq. MANT i,j €I qeU;nU; W4 f;, = f;,- H germ K5E AT LI 2

(fz'|UmUj)q = (fj|UiﬁUj)tI'
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HEFE2.3. 10 %1, FRATH bt
FUnU) — [] F-
peU;NU;
W filviow, = filvoo, WTARER .5 € T BOL. BT F 2 sheaf, MAFTE f € F(U) WM TAERN i € 1, flv, = fi. T
2 WSt

FU)— [ 5
peU
fisf
[ (fp)pev = (fi,p)peU = (Sp)pev-
W (sp)pev N F(U) KI—ME. O

i EIR N EIRATAT LA B — N4 F sheaf (—/NEEf#: sheaf Gl 24 —1Y stalks H7E—HE 52K,
B e BE2.2.1, ATH LT 2.

E 2.3.3 (F&H Stalks FRRTE) % F,G are sheaves of sets. ik ¢1, ¢ A2 F 2| G 6954, mRCMNEFHE
stalk LEJBRAH F, — G, RAF 4, N ¢ = ¢o.

WERR B @1, o T stalk ERISHHEN ¢ 2 F, = G, M TERIHE U C X HEHE

F(U) g()

]

HpeU Fp — HpeU Gp-

SNFERE re FU), B

(@,0) —> (61(0)(2), U) = (62(0) (@), )

XFFHT
gﬂ%g%<mMH@wmqumwmmu
TREATE
z = o1(U)(x) = (91(U)(2)p)pev
LA
z = ¢a2(U)(x) = (92(U)(2)p)peu-
HT BRI G(U) = [ep G 2RI, H 1(U)(2) = do(U)(2), B 61 = ¢o. O

HEIC 2.3.1 Sheaves of sets Z 1A 8954 R B Y LS CNEMA L5 F 69 stalks Z 7 89 550 B M.

i 2.3.1 RANAEKDTEHER G 2L AR I T presheaves — A R BLAR A T A%, 289 .
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2.3.2 Sheafification

FIr A 1) sheaf #B42& presheaf(SZF5 I sheaves on X 4% T —™ full subcategory of the category of presheaves). 2L
groupfication, A& XHERT— NF MG TE. FATW AT CAZRLIRIZE i, presheaf &%) sheaf f)— AN HIM 11

EX 2.3.2 (Sheafification) Let F is a presheaf on X. &£AV#R presheavs Z 1869 &4+ sh: F — F*" & —A> Sheafification,
R Foh R —A sheaf H B3t TAEZE 4 sheaf G, ARAEEE) presheaf Z A5 H g: F — G, HEBE—EHR . FI — G
1% 43 B
.;E sh f‘sh

Ek\f
g
Ak,
i 2.3.2 £ R 2| sheafification B, RAVEMRIX sheafification &G &6, H LA )G 2L presheaf &9 sheafification % R 5
Y.

THXAEHEE VR, sheafification F&&ME—FH).

E 2.3.4 = sheafification B4, W sheafification #*E—k 2 FE—FRM. F—FH, wE F ©22—A sheaf, N
sheafification 7 id : F — F.

IERR Let F is a sheaf of sets on toplogical space X. i F — Fh DL F — F #E F 1 sheafification.
HiE AR K
F—

-

]N:'sh

o

fsh
SAHIN. IR 61, 6 ARME— 0. 1 FATEISAI iy s TP > 0, 8 g0 61 = id. KB, idpn = 61 0 go. HTLL
P s T .
W F O sheaf. B4 id: F - F RARIALE. 31 TAERE sheal G W f: F = G, FAEME— S 1/ = f 1
i

id

F4F
Nk
f'=f
g
FE ST O
ME—RZHI AR, sheafification Al LLEER —M Setsy® F| Setsx MI—Ni¥ sh: Setsy® — Setsx .

% 2.3.1 (Sheafification is a Functor) 183X sheafification & % 4£89, WAL presheaves Z H 854 ¢« F — G A Re4
T sheaves Z B GG BAT b T — Gh Bt — e, sheafification £ —/NIK Setsy® E| Setsy #9—/NEF.
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WERR H S

]:sh gsh
shr V |shg
FL? .g

HE A A, shgog BFZS F — Fh, IALFE—DME—/] ¢ : Fh — G 15 poshy = shg ogp. FMTE X oM =, E
el ¢ i HEE.
5E X sh : Setsy® — Setsx :

Obj(Sets%*) — Obj(Setsx), F — F*,

Mor(Sets%®) — Mor(Setsx), ¢ — ¢
FATE T ORIRAE sh B2 — o8 7 Wk id : F — F 2 7uls Setsy® HHMHESN, W ¢ = idra BWE shig, = idg,,.
W @10 ¢y 1 F — GH & presheaves [—" NI G W sh(dy o ¢o) : FP — HP F2T sh(¢y) o shgo; FB — HP. iR
sh B2 — DI T 0

i 2.3.3 #FF presheaf of groups, rings etc. iEH 75 ik R AR &Y.

P FRULH, X T/EREM presheaf of sets (or groups, rings etc.) #IfF{E sheafification. FATH compatible germ
KHJiE sheafification.

EH 2.3.5 (Sheafification BITFIEM) & F & —A presheaf of sets on topological space X. ¥ THE U cC X, &£ Fb =
FMU) ={(fy € Fp)pev : M THEW pe U MAELEDLE p AR V CU, UK se F(V)
R TFAEEW g eV #A s, = [y}
Bp F(U) £—ANd compatible (families of) germs Fr#) s 69 & 4.
JEBR FRATUEB EF ) PP RS — sheaf: fRi% V — U ZITERBRN, & PR H kg
resyv : ]:Sh(U) — ]:Sh<V)v (fp)pGU = (fp)pGVv

Hrb (fp)pev A& H compatible germs #& M. B {U; }ies & U W NIFE . WERXTERER @ € L, (fy)pevlv, = (f))pevlu, -
WA (fo)pev, = (f))pev,- P f, = f1,p € U ITXTAERR p e U, FATATLKE] U, 615 p € U;, MEWEX TR
pel, fp = f;/;’ T (fp)pEU = (f];>peU'

B (fl)pevinu, = (F)pevinu,- EX fp = fip € U WERXTHA p € Uy, #4E fi,p € U, W gluable ZAF 45
fi=fpeUnU;. bl f, pe U ME—d5E, B f, & REH.

WNT{—NU,iel H

(fp)peUlUi = (fp)peUi = (f;)peUr

FrlA (fp)pev WA compatible germ A 1), 50 ¢ T H [ BT & LY res & —A> sheaf.

HARML, W SR FATIT T I sheafificaiton:

sh: F — P sh(U) : F(U) = FHU), [ (flpe,
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Hrb (f,)pev H compatible germs T4 Jik.
Bl sheafificaiton & LA HNZ MR : Xt FAERE sheaf G. % X ¢ : FH(U) — GU), (x,)pev — 6(2), H &€ FU).
HIEEE2.3.21 41, 2 WL sh(2) = (2p)per. W ¢ H ¢ ME—RE, I HMHEEE

F s Feh

N

g
FEATHRIR. O
iE 2.3.4 TTUHER AR sheafification T B HT Setsy — Setsy® # LZAFH LT
MR 2.3.2 F — 70 TRlis S stalks 2 10 69 F 4.
MERR FAEMIF RS T, AT LERT TT O
HSIE A PIER: constant presheaf S

] sheafification 5 /& constant sheaf S.

pre

2.3.3 Subsheaves and quotient sheaves
LT RIATHEE M level of stalks HIFLAIK DT subsheaves 5 quotient sheaves.

EX 2.3.3 (Subsheaves) % ¢ : F — G & sheaves of sets on topological space X Z A &35 4t. 42 R ¢ & sheaves P&,
8y eE Lay R R A, WAR F & G % subsheaf.

TR 2.3.3 i ¢ : F — G &£ sheaves of sets on topological space X Z M 8354+, W AT =ZAAGAFH, CAHT AEH
subsheaf &9 3L :

1. ¢ & sheaves PT A s b9 TE%% LaG £ B 5.
2. ¢ is injective on the level of stalks: ¢, : F, = G, is injective for all p € X.
3. ¢ is injective on the level of open sets: ¢(U) : F(U) — G(U) is injective for all open set U C X.

HUERA 2.=1. Let H be a sheaf of sets on topological space X; % p,p/ #@M H 2] F BIFEZS, HE gou=gou.
i ¢, e ¢ BT FHI stalks Z AR, BT

(pou)y:Hp—Gp, (h,U)w— (o(u(h)),U), pel.

LA

bpopp:Hy = Fp =Gy, (hU) = (u(h) U) = (¢(u(h)),U)
EEWE (popu), = ¢,ou, REHIH
bpopy = (popu),= (qﬁo,u/)p:@,(),u;.

T ¢p G, # o, = p),. HEH2.3.30WH, p=p/ FAHH ¢ £—DHRFZ.
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1L.=3. WHETHE K LS. X FHFEU C X, pou(U) = pop/(U) 43 w(U) = p/(U). % p=id, & z,2’ € F(U) i
& ¢U)(x) = o(U')(x). BT 2 =id(U)(x), P ¢(U)(id(U)(2)) = ¢(U)(id(U)(2")) R © = id(U)(z) = id(U)(2") = 2.
M p(U) FEHGT,
3.=2. % (2,0),(z,V) € F, 2 ¢p(x,) = dp(a'p). XEWNRE (¢(U)(z),U) = (¢(V)(z), V). TATAT LAFRE]—AFF
EWCcUNV),peW fifd o(U)(z)|lw = ¢(V)(2)|w. HT o(W) 255, il zlw = 2'|w. ¥ (2,U) « (2/,V), R

(z,U) = (a', V). 0

iE 2.3.5 You may later wish to extend your solution to above proposition to show that for any morphism of presheaves, if
all maps to sections are injective, then all stalk maps are injective.
Further more, if ¢ : F — G is a morphism on from separated presheaf to an arbitary presheaf, then injectivity on the

level of stalks implies that ¢ is a monomorphism in the category of presheaves.

EX 2.3.4 (Quotient Sheaf) % ¢ : F — G & sheaves of sets on topological space X Z &G54, 42 R ¢ & sheaves FF
M9 TeE LAY R &S, WAR G & F 4 quotient sheaf.

TR 2.3.4 i%X ¢ : F — G & sheaves of sets on topological space X Z 188975 4F. W AT 4R EN, CAHATHERA quotient
sheaf 89 3 :

1. ¢ & sheaves P 89789 L&Y iH B 5.
2. ¢ is suejective on the level of stalks: ¢, : F, = G, is surjective for all p € X.

WEER 1.=2. % j: {p} — X B—M]A. 4 stalk F, & inverse image sheaf j*F. TATHITE 5% 4 4., BRI j* & direct
image BT j. MZEFEBERR T, FF HIERZ left adjoinits preserve colimits. FIUILIIR ¢ ZHFIZA, A ¢, 2.
2.=1. W ¢, TS, & B,y #is2 G B H WFEESHBE Bodp=v0¢. T Byod, =7,0¢,. HT ¢, &lillt, Frih
By =, HEHE2.3.31[1F 8 = 1. O
M4i—T: BFAZE (monomorphism) i [FEZS (epimorphism) 73 HIXT R T subsheaves 5 quotient sheaves. &1/ 1#i#
it stalks FRIBLSSRIGIE (be checked at the level of stalks).

2.4 Recovering sheaves from a “sheaf on a base”

2.4.1 Sheaf on a base

AT, JATTRE € I B sheaf, JRARRINT4N3E EH sheaf, #A]LAS 3] —NME—K) sheaf. BIFATTAT DAL B
[ sheaf >k “HJ5” H— sheaf.
EX 2.4.1 (JRIMIE) % X R—Adedh= W, 32 {U;}ier £ X 89 %%, BT E% {B;}jes C{Uitier #HAM FTHEEF
% U ARR A —% B, 893F, WAR {B;}jc; R¥BIZEME X —A % (base of a topology).

B 2.4.1 % X =R H22gdadh. 2 LFH Bo(z) = {y € R : |y — | < r}. BARTFHIEEHAADRAT . 57 A A T
HA R E AR R by — Ak,

EX 2.4.2 (Sheaf on base) % X £ —/NE=H, {B}ic; AZisd2eg—/2K # F £ sheaf on base (F is a
sheaf of sets), JnR & ithA:
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1. ¥ FTHE&M B, € {Bi}ier BINARE F(B,).

2. 43R B, C Bj, :?kﬂ]ﬁf‘%%‘]ﬂ%% resp;, B; F(BJ) — F(Bl) C i resp, B, = idF(Bi)- 4 R B, C Bj C By, )’_\“J A

F(By) ——% (B
F(B;j)

AR k.
3. base identity: X B=UB;, % f,g€ F(B) #AX TH&EH i K respp, f =respp, g, W f=g.
1. base gluability: % B = UB;, R FAE&# i,j WA f, € F(B,), [, € F(B,) %A FH&8 B, C (B,N B,),
#H resp, p, fi =resp, p, f;, WHE [ F(B) #RMTEEG icl, H respp, f=fi
241 1. WR F RHRAAE, WNAREA presheaf on base {B;}.
2. T YAJE sheaf of sets BXH sheaf of groups, rings, etc. R EW LX L PG R ESIT G A FH. K, ST,
PLR € B 5 YR AT Sheaf on a base A LA J5i Hi— sheaf.

EE 241 % X —AEi=R, (B} & X 69—/ K, Bk F 2% {B;} L4 sheaf of sets. A L HE—A sheaf of
sets F i F(B;) 2 F(B;). B/ sheaf #*#E—kZ T E—FAHH.

MERR TATKs 2258 L F A—AHH F 1 compatible germs FTH B — sheaf.
%€ X presheaf F' 1] stalk A
F, =colim F(B;), pe X,

Hrp {B;} & X — 3. ATz X

FU) =A{(fp € Fp)pev : W THEREK pe U 774E B i p e B C U, LEAFE s € F(B)
WX T1T&E g€ B, s, = f,}, Bec{B}.

HEHE2.3.5, FATE NN F &— sheaf.
TR RIBABEY, F(B) — F(B) &AM, %5 E RS

F(B) — F(B H (zp € F)pen, (xp)pep consists of compatible germs.
peEB

HER2.3. 1751, ¢ &84, HEHE2.3.20 %1, ¢ WS, Bl ¢ &—AFH.

AN T F & F WAEN presheaf B [J—™ sheafification, FrPh F ME—hiE TME—[FHM). FH F 1 F 1 restriction
map 72 [E . O

EH2.4VEFAVER T — N RIN2EE X BB sheaf F, BMEIRATAEIE F A ERIFE LA R, E2RA10T
LB F A X BT REIRN F A5, B8R, WH sheaf F 5 F 23 FRZFEMK, BACIES pe X 1
stalk F, 5 F, 2 FRHH.
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TEIE 2.4.2 (Sheaf 5 Sheaf on a base BISHIZ—HY) % X & —ANdadl =], LA K {B;}icr. % F,G R L4y sheaves,
Bz THEE By € {B;}, AXH F(By) - G(By). # B4R B, C B;, WA

F(B;) — G(B;)
F(Bj) — G(B;)
P L WA

1. X2 $2.3.3, sheaves Z MM FEAE sheaves on the base Z 1A W9 & Fr 3k 7.
2. Sheaves on the base Z. 1889 B 57T VA%t # sheaves on the base B3 & 49 sheaves Z A1 49 B .

MERR 1. FATE X F(B;) == F(B;). H restriction 5 F [#) restriction & —¥ K. HTXTAEENITE U c X, #A
U=U,Bj» ik {Bi}ier T4 {B;} £ U BW—MNFES. HT F &4 sheaf, HEXATH F &% {B;} LK) sheaf.

B¢ F — G A sheaves ZIAIMBUE, SIEFHBUL ¢ F — G, 0(B:) = ¢(B;). BAEMBAELE 61,6, 2 F 5] G 2]
s, IFEEATESHEE 6, = ¢y, IBAX TAEEN By C {Bi}icr» H ¢1(By) = ¢2(By). TR TEENITE U,
PATAT LR BRI IAEAT U = U, op Br. I HAETGE

Fy—Y - gw)

FUger Be) 22 6(Uper Br)

R

#(B)

F(By) (Bk)
. XY TR 2 € FU ) = F(nger); H

$1(U)(@)| 3, = ¢1(Bi)(z]m,) = 61(Bi) (@] 5,) = d2(Bi) (z]5,) = ¢2(Bi)(2],) = ¢2(Bi) ()|,

BT {Bileer & U MIFER, FIUXNTEZE LT, H 61(U)(2)|s, = ¢2(U)(x)|p,. BN G & sheaf, FiLh ¢,

= <l52-
2. EEE| F(U) = 1Z_i€nF1F(B,-) LR U= B;. TRBITAESS F(Br) — G(By) LA #HE

lim B;
/ —_— \
F(B;)
I .
G(By) G(Bj)
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AR PR Mz VE AT R, X TAEREMITE U C X, #AFEME— A

F(U)=1lmF(B;) - limG(B;

4 Sheaf on a base MZS4T15FH T Sheaf FIZSHT.

i* 242 Tk, s

A, X+ Op-module, FATAT LLZRAIFIE L O,-module on a base.

2.4.2 Gluing sheaves

gu).

FEE T e Setsxy 5 sheaves on a base of X Pr#Im 8930 ok Z 18] 69 — AN 4.

MR LA —L sheaves, FTATATLUEH “RE& 7 ik, 82— sheaf.

EI 243 i X A—AEir=NE, ik {Ulicsr £ X 9—ANFEE, FELKMNA sheaves F; on U; it RS54

bij + Filviou, = Filvinu,

ARM, A TAFEEFFENR U,NU; NU, FRFEHILA cocycle condition), it B Hi# 2

ABAMT AR R F, “HE7 2%,
‘3'_4{‘7‘;'5 U, € {Ui}iej, %‘F’]*@

iE 2.4.3 AMHARABILTT B EAR R,

Djk © Pij = Qig-

Bl —ANF0Y sheaf F, A HACE—% < TH—RM. £ “HE” 89

MERR X TAERITEE U € X, FATMiE F e

FU) = {(fi>iel € H]:i(U NU;): Vi, j € I, ¢55(UNU; N U;) (resig, vnuino, (fi)) = reSg%Uj,UmUmUj(fj)} )

i€l

]:

v = F.

HA res™ J& F; I restriction. #AJTEHL, f; T2 A &

F(UNU;)

res”i l

bij

F;(UNUy;)

ires}—i

FUNUNU;)) —=FUNUNU;)

Fi
TeSynu;,unu;nU;

¢ (UNU;NU; )(reSUﬂU UNU;NU; (fi))-
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BARE F(U) 2 RE ST UNUNU;NUgs i, k, § € 1 BATH res™ {ERTESER ¢y (UNUNU;) (vestig, vrvinu, (fi) =
rest oy, vrwvsn, (f3) £ FHETE restriction AR 2 [A] A8 et T LLAS 3148 5

Fi Fi
LeSyNU,NU; ,UNU;NU,;NU; [¢i5(UNU; N Uj)(rebumUi,UmUmUj (fi))]
=i (UNU;NU; N Uk)[feSIJJTIhUmUj,UmUmUij,c (reSJUt;WUi,UﬂUiﬂUj (fi)]

=i (UNU;NU; N Uk)[resgiﬁU,-ﬁUj,UﬁU,mUijk(fi)}
U O F F;
= I8Synu;nu;,UnU:NU;NUR (f;) = LeSynU;nU; . UNUNU;NU; [reSUﬂUi,UﬂUiﬁUj (fi)l-
TRIEATE
¢ (U NU; N U; N U635 (U N U N U; 0 Uk ) (vesgsig, weosno,nv, (fi)]
Fj _
= (UNU;NU; N Uk)[reSUﬁUj,UﬂUiﬂUjﬁUk (fi)l = reSIJJ:?WUk,UﬂUmUjﬂUk (fx)
= ¢ (U N U N U; N Up)[resng, vnosnu,no, (F7)]-

YA T U; nU; NU,, H F(U) W2 cocycle condition ¢y, = ¢j1, 0 ¢ijs 8 F(U) & R E L.
PR RE L F M restriction: WHERHRA V — U. & X

respy 1 F(U) = F(V),  resuv((fi)ier) = (resiing, vau, (fi))ier-
H fi € H(UNU;) WAL reS?mmymm(fz’) € F(VnU,). It BBEATH

o (VDU N Uj)[res{}mUi,VmUmUj (resgthi,VﬁUi (fi)]
= ¢ (VNU;N Uj)[resgﬁUmUj,vamUj (rengUi,UmUimUj (fi)l
.7:j i
= I'eSynu,nu;, vnU,nU; [9:;(UNU; N Uj)(reS{J:HU“UﬁUiﬂUj (fi))]
F; F;
= I8Synu,nU;, vnUnU; [reSUmUj,UmUmUj (f5)]
F; F;
= ISy ny;, vnuinu; [resUﬂUj,VﬂUj (f5)]-
UL resp v ((fi)ier) € F(V) ZREXW. HT F, 72 sheaf, FrLAFRATE XAE F I restriction 3 2 HAZ ek 56 5%
. W F /&2 — presheaf.
FE RN R IR identity axiom: w {Va}aeA U WM—1HES HHA (fi)iellVa = (f{)i61|va,a e A W4f

Fi Fi
reSynu;,vanu; (fi) = reSynu;,vanu; (fi)-

KA F; A sheaf, T FAERI i I, A fi=f W (f)icr = (f)ier-
FNRIGIE gluability axiom: ¥ {Va}aea & U B &, HFENT (ff)icr € F(Va) B (fictlvany, =
Olvarvsabe A BT UNU; = U (VanU) WKT UNU; —MFER. WA TAERK ie I, TATH

a€A

res{/T;mUi,VamUmUj(ff) = reS{ZmUi,vamUj(ff)-

oy Fi 7% sheaf, FrUARATAIAKE] f; € F(UNU;) AN TER o € A resynu, vorw, (fi) = £ BATHEIXEITTERM
product, FEREI T (fi)icr» BWE (fi)icrlv, = (fier- TR (fi)ier € F(U).
FIGUE Fly, &2 Fn,h € I+ TATE L sheaves ZAIRIFZ oy, « Flu, = Fn N

Yu(V) ’F|Uh,(V) = Fn(V),  (si)ier — sn € Fr(V N Uh) = Fn(V).
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AR o (V) 3
BuV) : Fu(V) = Floy (V), - BV)(E) = (@nilV 0 UD(resTyo, (8)ier € Flu, (V) = (V). t € Fa(V)

HULAT AR E] ¢, BT By, R oy, 22— A,

e JERE F R THE— AR 5 G Wil Gly, = Fi, BATCREXANFN 7, FFEHAEFERNZ U;NU; BA 1, = ¢ijo;.
& Hom(F,G) UL Hom(G, F) A sheaves of local morphisms. % f; € om(F,G)(U,),g9; € Hom(G, F)(U;). HT
iy AN, FTLL fi =17 odby s Flu, — Glu, HARFRI.

IR f; 2 SGERE] filv.nu, = filono, BARATDIRE]—DNME—/ f e Hom(F,G)(U) 15 flu, = f. [FPLK
fTATLARE] g € Hom(G, F)(U) 113 glu, = g, BT Hom(F,F) LUK Hom(G,G) #E sheaf. HHXTEZ ic I, H
fog & Hom(G,G) 1 section, go f & Fom(F,F) I section, LA (fog)|y, = fiogi = idr, (g0 f)v, = giof; =idg,, -
XEME fog=idr,go f=idg Bl G = F. 0

i 2.4.4 T AH cocycle condition #33) ¢i; & identity.

2.5 Sheaves of abelian groups, and O y-modules, form abelian categories

2.5.1 Sheaves of abelian groups form abelian categories

FEATT AT 221118 sheaves of abelian groups, PLAERIZEAE RS Ox-modules. EATH A L% abelian categories.
PG e, FRATAT DA a2 ] DA R 3R R —RERH EAT]. R AE 2 B, FRATISETT 18 kernel, cokernel PLK exactness.
F+ HXF T sheaves of abelian groups, FA1& M stalks F B KT8 kernel, cokernel LA exactness.

FATCD A HIE, sheaves of abelian groups on a topological space X LM /Z additive category 1 . Fff PAFR W1 SR AR EIE B
B REMI K abelian category, FATH T EAE LR sheaves 2 [AIJZAS S kernel LK cokernel. HHXE X 2.2.57 %1, sheaves
ZIH IS kernel, - H presheaf kernel #i/&—> sheaf, 3 HEs& category of sheaves H1] kernel.

EI 2.5.1 Let F,G are sheaves of abelian groups on X. AR A kernel 89 stalk t 2 stalks Z B 5489 kernel, BP3t FALE
peX
(ker(F — G)), = ker(F, = Gp).

WERR W ¢ F — G, ¢, Fp — Gpop € X FIEPIFA

ker ¢ F2 G
bp
(ker ¢), —= Fp, —=G,
Z [A] (R 5
ker ¢ F—2.g
L
(ker @)y, —=Fp, —= G,

PATEEIER, (ker ¢), #& ¢, M) kernel. 1T

ker¢*>]:i>g
\/

0
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BT AT

ZPH (ker ¢), C kero,. FIi& x, € ker¢,, A ¢,(z,) = 0. WAFLE p MARIK U f§i13 x, & o fERL p &1 stalk. FF
2 (p(U) (), = ¢p(xy) = 0. XUHHEHETE VL 2 eV C U, #18 ¢U)(x)|lv = 0. SLEE 6(V)(z|y) = 0,z]y €
ker(¢(V)). i (z]v), = zp € (ker ¢),. FMTFE] (ker @), D ker ¢, &% (ker ¢), = ker ¢,,. O

IS RAAIIEYE, FRATAT LXK cokernel 15 21 [FFF: 1) 4518
#EIS 2.5.1 The stalk of cokernel is naturally isomorphic to the cokernel of the stalk.

PATEE T RN BIRD — NS cokernel. ¥ F,G J& sheaves, Ff% ¢ : F — G {EH presheaves T4 B0 05 A
cokernel, 1A Hpre. FFX sh: Hpre — H A& sheafification. [A11Z cokernel & HNZ T, FATH KT colimit K]

ILQ

l

0.
NHIEAN A A R FRATT, presheaves Z [HJZS 41 cokernel 7] PAFFZ K sheaves Z [A][F] cokernel.
T 2.5.1 G#EE—5H (CEFERSHFEN) G- H £ ¢: F — G £ sheaves ¥ L% E89 cokernel.
WERR B BRATEH e 22 M : X T4ER sheaf £, PLEAZHE]

F-sg

|

0——¢&

AR &

BATUE A EME— S H — & 15 LIRERZHM. BT Hpe & presheaves H[1] cokernel, #AFTE—ME— 75
Hpre — €. H sheafification [72 14 )5 ] %1, ﬁfﬂﬁ ] sheaves Z[A]AHT H — & 15 Fik KA #. O

FTATHMOZL € XL T kernel Al cokernel HIic 5, %Eiﬁﬂﬂﬁﬂ‘ﬂuﬁ stalks )2 1 R H W — A2 5N kernel
B# cokernel. HLAMRATILIRAE | A5 5 N AT BCE WA St r] DUBIT stalks SRAIBT. T2BATE LT EH, S
sheaves of abelian groups 7] PA#J—™ abelian category.

EH 2.5.2 Sheaves of abelian groups on a topological space X form an abelian category.

AMERIN, K sheaves b4 AE AR A DL ol stalks EPERRAUER] (—/ N stalk th2 Abel #) . JFH.
sheaf RIS stalk B SAERZEEH T RFF—EL
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Bl 2.5.1 Let F,G are sheaves of abelian groups. Bi%X ¢ : F — G R_FZ M &4, N image sheaf im¢ (X 28 image
1% abelian category &9 images) &3 image presheaf 89 sheafification. 3t E image 89 stalk & stalk 49 image.

MERR it imp, ¢ #& image presheaf, FFi&Xf T sheaf T, A t:impe¢p — T,g:im¢ — T HT kerpe ¢ 5 cokerp,. ¢ SEFR
52 sheaves. #l t = g, XEMFE g 2ME—K, HHA sh=id. ¥ im ¢ #& imp,. ¢ = im ¢ [ sheafification.
HT
(ker ¢), = ker ¢, (coker ¢), = coker ¢,

FIrA
(im ¢), = [ker(coker ¢)], = ker[(coker ¢),] = ker(coker ¢,) = im ¢,,.

Sheaves Z [AJ#4 AS ST FI I IE G T B stalks 2 [HJZS S 1E& BT S8 E.
EI 2.5.3 Let F,G, Hare sheaves of abelian groups on X. Bk a: F - G,0:G — H AEH. IR LF)
Fosg-Lon
RESW, B HRY stalks Z 169 2 5 FFH & 49 5
A T
RELM, EF o, B, HARAY o, FiEFHE.
S 2.5.2 % X H46IER, pe X, U F: Abx — Ab, F — Fp, ¢ — ¢, RESFHF.
KTEIEED], WEATEA N E R

EH 2.5.4 (Left-exactness of the functor of “sections over U”) % X Rizil=H, UcC X AFE, #HL0— F —
G — H & sheaves of abelian groups on X P p 6943, W

0 FU) GU)——H({)

A IEAT].
JERR FJH sheafification A FERHIR &K T. O
251 5E3%: R0 F—>G—-H—-0READ, W0 FU)—=GU)—=HU) =0 R—=2RAELT].

TEI 2.5.5 (Left-exactness of pushforward) % X Z464l5H, UcC X AF%E, #BL 0~ F -G — H & sheaves of
abelian groups on X FTHI A EAT]. HX m: X — Y AELHS. W b3 546 7]

0— mF - mG— mH
H & E AN,

EH 2.5.6 (Left-exactness of Hom) Suppors F is sheaf of abelian groups on a topological space X. Then Fom(F,-) is

a left-exact convariant functor Abx — Abx. Besides sfom(-, F) is a left-exact contravariant functor Abx — Abx.
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2.5.2 Ox-modules

AN EELGGH Ox-BRTKER HAER R, ARG RN TER, B Ox-B&n IR abelian category .
EE 2.5.7 #X (X,0x) 22— ringed space, N Ox-#ET UM — abelian category.
JUERR X AMIERA R Z BTUERH abelian category WM RSB RS2 —FEH), MAEES 1. O

ENX 2.5.1 (Ox-1ERIHKEFA) Let Ox is a sheaf of rings on X. HiX Ox-# F,G. TAMTHEEFE U C X, FU) 4=
G(U) #2 Ox(U)-#2. EAVZE X sheaf F @0, G EHNFTELEU A (FRo, G)(U) = FU) @0, GU). F4 FRo, G A
Ox-#% F,G 95K EAR (tensor product).

HE XS BT, STAERR Ox-1E T, BHFELMEMS F x G - FRo, G, F — T, WIAFELEME— F 0L 1 e it
F Qo G — T 1A
FXG—>FRoy G
\ V
T
FEATH.
EIE 2.5.8 stalks B9k = ARA KRG stalk.

MERR BT F,G 2 Ox-#, WX TR pe X, G, & Ox,— B M4 F, @0, Gy & Ox p— BRTRER. TRIATATLL
14 3 7)) e S5
(]:®g)p_>]:p®gp> (f®g>p = fp ® gy

2.6 The inverse image sheaf

[B122.1.8, FATEEX T2 0 X, Y DUEESEMS 7 X - Y, 5T X L sheaf F, HATATLAE R direct
image m, F. B Y L sheaf. MAXTT Y L) sheaf G, AT T LA H inverse image. FAT15E48 B R A inverse
image M5E X, BIR Zc A1 Bl R 1R 5E X
ENX 2.6.1 % X,Y Rz, Hik m,. £ sheaves on X 2| sheaves on Y #9FHF. MZ X n P 4EH m, 69 Ak
&F, FMREA 7, 49 inverse image.

BATT BRI A, m, BZEFERE R T RAFER, AR XN g e A = XL

MUERR 73 E BFRATA canonical maps 77 im, F — F,G — m.m1G 47 associated to the identity in Mory (7.F, m. F),
Morx (771G, 771G). F HAH K
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BT E LA IEE e 5
ﬂp;ég(U) = colimy ) G(V).

FE X inverse image of G N 77'G = (m,tG)™. EEE] 77! ZM Y L sheaves FTHKKITEEEE] X L) sheaves FT
Fo) BTG R BR . AR5 JRATTRT LAAS 21 [F)

Morx (7~'G, F) = Mory (G, 7. F)
FAFE] (1, ) RALBEN. Wt RAAERE 7, 1. O
¥ 2.6.1 HAVF RIEH FARAS sheafification YEH inverse image of G #Z L.
MR 2.6.1 % m: X - Y R4B4EMZ A0 EERS, FikGAY LW sheaf FF pe X, & xlp)=q, N
G, = (71G),.
BP m71G 89 stalks A= G 89 stalk & —H#8Y.
M 262 28U £Y 89F%E, BRi:U—=Y 2NN BRLGAY E8—A sheaf N ARE i71G 2G|y

TR 2.6.3 7! is an exact functor from sheaves of abelian groups on'Y to sheaves of abelian groups on X.

2.6.1 The push-pull map

FENX 2.6.2 (push-pull map) % X,Y, W, Z Hiedb= i), e A6 ELEBAHRLIEE (R—= =2 Cartesian #9)

w X
Y A

Bit F ZABAE0H] X L4 sheaf. &M <E X push-pull map of sheaves on'Y #

B/

P

[

B

B ra, F — ol (B) 7 F. (2.6.1)

A LATRT B35 — R W43 8 (2.6.1) ). A W _E sheaves Z [AJ MBS (6) ' F — (6)'F JH4a, 1 ((8)71, BL) HIfE
BRI LAA3 2] X F sheaves Z RIS F — (B)(8) ' F. Bf o 1EH B3] Z | sheaves Z AN a.F —
. (BL)(B") 1 F FiE LR E U A WY o F — (8.)(al)(8) 71 F. R (871 B.) HEBETERSI(2.6.1).
2.6.2 The support of a sheaf, and the support of a section of a sheaf

ENX 2.6.3 (Support of the section) Suppose F is a sheaf of abelian groups on X, and s is a global section of F. Define

the support of the section s, denoted Supp s, to be the set of points p of X where s has a nonzero germ:
Supps :={pe X :s, #0inF,}.

XANTEAUEERE s A LR RIES. Rz, HAMESZ —1 s A 0-section s T AL,
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EE 2.6.1 Supps £ X 89 F&£.
iE 2.6.2 BEL L HAERG ST MR IITERFTFE; E germ of function IET PTG B FTH) 89 BT £ 69

EX 2.6.4 (Support of a sheaf) Define the support of a sheaf of groups G, denoted Supp G, as the locus where the

stalks are nontrivial:

SuppG = {p € X : |G,| # 1}
i, SuppG T A support of sections over all open sets 3.

%3261 1. &Y R—AdeitEN, ZCcY RATE, i : Z =Y —AHN. 20E F is a sheaf of groups on Z, ik
B stalk (i.F)q,q & Z VAR stalk F,,q € Z —ANETLEE.

2. 3% SuppG C Z, Z AW B AARBA G — i1 R—ARM. BHTEE sheaf suppported T #AH —A %
HF &89 —A> sheaf.

2.6.3 Extension by zero, an occasional left adjoint to the inverse image functor

1

In addition to always being a left adjoint, 7" can sometimes be a ringt adjoint, when 7 is an inclusion of an open

subset. We discuss this when we need it.
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F=E Toward schemes

FEIERNA schemes Z i, FATEH —Leddh22 5011, HAAAEREI LA HEH A, B Zariski #dh. HAH
vanishing sets PA & distinguish set, ‘AT HTHER SRR, BB BN -5 U A 28357 060 .

3.1 The underlying set of an affine scheme

3.1.1 Spectrum of ring

EX 3.1.1 (Spectrum) & A Z—A3, KAVELES Spec A Ad A WHTA FZEMMRGES. LN Specturm
of ring A. £A# a € A A Spec A L&y R#K (function). 34 p € Spec A A Spec A ¥ & & (point), IR A HE a £
Eop ReER XL AFME a (mod p) € A/p.

311 1L ARATRESAEE p LA p.
2. T K, £MFERAGS AL kET Spec K[z, ,x,].
EbsE CHEH Spectrum & O —MES, A EATS BT HAn = L
Bl 3.1.1 3% K 2—AKk, M K 69328 RH (0),(1) AmA. BF K &R, Fk Spec K = {(0)} &-F L4,

Bl 3.1.2 H/EHHKIR Z, R spectrum # SpecZ = {pZ : pAFE#K}. A2 SpecZ Loy RH 5 £ .5 [(2)] ROBULA FH £
5 (mod 2Z) =1 (mod 27Z); #& & [(3)] &#FBIAH 5 (mod 3Z) =2 (mod 3Z).

WH a (mod p) =0, FATHFK a function a vainishing at point [p] B a function a that is 0 at the point [p]. F&AT]
FRUABRES A e CHTBRECN regular function. — MEFFE RN AU/, regular function [ AT DL L& SUE K E LR, TR
BB, REEREAS R ERE AR, XA R A —FER.

Bl 3.1.3 5B K L0 X3F Kz]. &MABF Klz]/(2?) A dual numbers $93. 3% TF kR KNFHECH specturm
Spec K[z]/(z%): & T A 3t

{(prime) ideals of ring R containing ideal I} <— {(prime) ideals of R/I}

Pk Klz)/(2?) w o9 FZAh G Kz] PAALOS (2°) FZE p Mk, @T p AFLE, FIA (22) Cp Y z €p.
A (z) Cp. & p 22T Klz]/(z) PoyFEA. BPRMNA

Spec K [z]/(2%) «— {p: (%) C p} = {p: (z) C p} +— Spec K[z]/(x).

36



% =% Toward schemes 37

BT K(z]/(x) & K, vA Spec K[z]/(x) = Spec K = {(0)}. X380 T Spec K [z]/(z?) £—A % &% K412 Spec K [x]/(2?)
{n'}.

AN B X 4m Spec K([x]/(2?) E&9f# v € K[z]/(2?). T 22 =0€ep/, Ak zep’. ZHA o (mod p’) = 0. 12
£ x#0.

S| 3.1.1 % R RX#3F, S AH multiplicatively closed set, W p— pS™'R Z—"MK D ={p€SpecR:pNS =0} 2|
Spec STIR 49 inclusion-preserve A, LEBHH g ¢5'q, g € STIR K F ¢5: R— ST'R A canonical map.

Bl 3.1.4 & K £—AN, HM#EES Spec K([z],): B5HE3.1.17T 4,
D = {p € SpecK[z] : pN (K[z]\(z)) = 0} — Spec K[z](,) = Spec(K[z]\(z)) ' K|z]

A A4t

BT K A, AR, ik K] CR AR, SHH Kz],) L2 —AN¥ER. XA (0) € Spec K[z]. &1 F
(0) N K[z]\(z) =0, Prods&fnAg (0)(Kz]\(z)) 'K[z] = 0 € Spec K [z] ().

REREFEME pC D, N4 (0) CpC (z). 8T Klz] £ PID, FiABEFEAN a € Klz] £7F p = ( ) = (za). 42K
p#(x), Wadpacp FHHA zala. BF Klz] AR, 8 AL fe Kz &F fr=1, RNFE, KARA p=(2),
PP (2)K[x](2) € Spec K[z](z). E LA

Spec K[x](z) = {(0), (z) K[z] )} = {(0), ()}
M T bk Tk, RA1LST AR IL Noether 38 k45 %] Spec K [x](1): 3 Noetherian 3 R % J& Krull 4%, &AM1H F X
dim(R[z]) = dim(R) + 1.

BT dim(K) =0, % dim(K[z]) =1, A& (0) C (z). ZHA (z) £ Kz] Po9E—RFEZA. LA E Spec K[z](,) =
{(0), ()}

5l 3.1.5 (the complex affine line) % /& Al = SpecClz], £M#ET kT Clz] 9 FZA. BT Clz] LR, AL (0) £
FEHA HTHEEN aeC, (v—a) AFEA, WINCLTAMKER, BHA Clz]/(zr—a) 2C XEHELT]

f=f(a) C 0.

0——(z—a) Clx]

BT REMNKENLIALCHZTEZE: SMNFER Clo] WFAXNGREFEL AR E—ME. 4 p LEFEH, R
p#(0), WX f(z) €p A degree RANWIFRZAKX. dF 1¢p ATk f(z) RERAFTHA. o R f( ) AL, Bp
BEA S 2 AR R JREAA, W f(z) TAPBA ZAXGRMR f(z) = g(x)h(z), E£F g(z),h(z) #AHEH degree (H
A CAREHIR) . b p RELAT & g(x) € p &K h(z) €p, # g(x) A= h(z) 89 degree #ANT f(x) 89, PTARF
JEHy, ¥ f(x) 8 degree FaAEL 1. MAAEEN ac CFr—acp EMNBIERA p=(x—a). & f(z)ep. MAHZA
NG ETEELE meCHEF f(z)=g(x)(z—a)+m. BATH m=f(z)—gz)(xr—a) €Ep. X m#0, A 1ep F
BFE, PIvAm RAEA 0, B f(z) =g(z)(z—a). & p=(z—a).

BEMNKERE (v —a) BHERSE a, H2AXTURBE—FAK, LAAE1,2,--- a0, . F2E3.1. XKEREFEPIET
Sophie Germain 894L.&: “KRERT AT L F, JTUTRE A ELFIKREK”
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prime ideals of Clx]

— - ™~
moximal (deals of €lx]
S
algedbraic 3 _
perspective N O-H (x-0) < Cx] (0)
geometr(ct_ )
Vi
perspective ~/ | T ec P
=[00] [w-n] =[] -0
— —— )
points of €
—— -

points of I\L.
3.1: B EZ Al = Spec Clz]

KQ‘EFiT#/\%I‘ﬂ CERAMZIEHR O LR ALY ZAEBSLT AN CHAET ARGRTL, BLEMNE @
L Easeit, &0 2RAALA LA ST, BP3TF ALK EEE— 000 “AUR7, &0 ARARZA AR L R A
LEAIRT specturm B4 (B Zariski #611), PrAS 2 )6 @ &A1 4 & 4ol X NARIRZAT 2469

HEMBFREL—T AL BRX3.1L.1&M4%il, AL LOI[RAZAKX. A f(z) = 22 — 32+ 1 —NHEK. K2
CAEETBRE (1) ROGBIER S VR? ZERHL f(1) FIRRGFNEL! REELZANREFAFNKT f(o)
(mod (x —1)).f(z) &% 0 Z&&MEA f(x) (mod (0)), BPA f(z) AFPTRREFME.

®E KR MBFE “A I (rational function)” g(x) = (Z’f — 2)) CERRT x=2 VASNYET R BRA 28y, &AVE
B3] T structure sheaf ZJG BN 2 FiC AT E AN{2} FPHLE. INJRASR 3 LA 3R, EL 24FH—
AN

fi 3.1.2 Je Z AAVHEZIAMF F 89 C R — A REN B K = K, WA AL A affine line over K. AT &t RN RS
I F Rt — e R RERE—#0, RERBRES.

5 3.1.6 (SpecZ) # EH¥HKF Z, CWEEZEA (0),(p),p AFEK, ARENETAKAAERAKR LN E, A TS
B AR

® & . o0 e

(2) ®) ) (0)
K 3.2: EZk SpecZ, CAEEKIREES.1

#TR#%JE SpecZ L#9H#. 100 & SpecZ Log—/~Fdk, CEE [(3)] AMEA 1 (mod 3Z), €HE L [(2)] &
# 0 (mod 2Z). 35 C AL EABI B L6 AR 0. % R—A SpecZ LMAEEHH. B @ AMNAIE A E [(2)] LAH
double pole &5, £ = [(3)] &AF triple zero 8. C &= [(5)] KayEA

2Tx 471 =2x(-2)=3 (mod 5).
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5l 3.1.7 (the affine line over R) # /& A} = SpecR([z]. & T Rlz] & Fuclid % 3. AT VATT LAEAREG B % 0 Xk &4 2 [ ]
WERBAA (0),(x—a),a € R AR (22 +ax+b) WHX, EF 22 +ar+b AR ERTHZAX. BaANFEAL
KR, BA R[z]/(z —a) 2R, R[z]/(2* +1) 2 C.

3] 3.1.1 £ (22 +ax+b), 22 +ar+b £ R ERTE, £EF2H, HH Rx)/(2?+ax+b) 2C.

Bl 3.1.8 & AL = Q[z]. T Q[X] & PID (Gt Hi& R Euclid domain), PrAEREZLAALMKIEHE, jFHLERHL
AERE, WEEZEA (0) A& (f(z), £ f(z)#0 £ Qz] ¥4 prime element, BPRT 2% 5 K.

ENX 3.1.2 (Galois conjugate) % K £—A, &k L A separable closure. 3t TH£& € K, K 4 absolute Galois ##
G iR L Lig3| ¢ 3, W L P& 2 @ P OIRETEMRA © 89 Galois conjugates.

5l 3.1.9 Z#IB Lt o+ bi A2 a— bi LR Galois EHLEY.
SIIE 3.1.2 % K &—A %, W SpecK[z] PAAERT HAE.

WERR ¥ f1, fo, ooy fo A n A Klo]) ERATAZIA, AT MEFHATAZIR fo0 = fifo--- fo+ 1 F0
HAT IS fryo, fays, - . BLAT AR BRI S 2N L T, SN R FEARES 2 KA, B Spec K[x] H& B LSS
2N 0

f5 3.1.10 (the affine line over ;) % EA & p B F, A% A = SpecF,[z]. ¥ Z AT 694]F KM%l , Fylz] £—A Buclid
BT, e EF AR X (0),(f(r), XL flo) RF, ERTHEAK, €T UARERE degree 89.F,[z] LOITRT4 %
AR ESE F, ¥ 5 F,Galois 69 L& BT a9 &2 ——3F 289,

® 5| 23.1.27T 4=, Spec Fplx] PAALF ZAE, H2EMTlded p AL (FE %) iLeME F PerA i
5. X AEFF SpecFy[r] #4913 & ZZFE T p 69 ST REGIR F,. tbdmil, BAESZAX f(x) TREK F, T8 p ANRAT
HE, 18R CRM SpecF,[z] Frae (R Ew#3.1.3F73, LALES AL M SpecF,[z] FHIIA LHT) .

TACLVHE VIRZ EL, T kiNg. TIPSR EL Ay FEEEAT@ L, WD EF. 280530 i
BRI E, BATSKI AL @ M —i RifE—k. HSLPrA Galois JRHERI M2 “RAE” —l2. 3T RBAMRR — TPl L
MIRREL f(x) = 2® — 1, BFER [(z —2)] LHUEN 7, BEEEN T (mod z — 2). MAELER [(2* + 1)] LLHMENE? BeAl]
AR E R AR

P —~1=-2-1 (modz*+1).

Bl —z— 1 f12® =1 fE R (22 + 1)) ALIME—#F, BI BRI BJE 2 e i, FrlEATT e —o -1 &1 —i— 1.
RIS R, EIR AT AT DL — AR A A b S k.

5l 3.1.11 (the complex affine plane) # /& AZ = Spec C[z,y|. @#&a92, Clr.y] & PID, BH (z,y) FAE A, il
FAVLE AT ARRAFR] — L F A (0) LFEM, (2—2,y—3) REFEAFBLLREMAEL, BA Clz,y]/(z—2,y—3) 2 C,
HBEMA f(z,y) = f(2,3). —M, (z—a,y—0>b) RFELZHE. BRI, FF Clz,y] ERTHZAX f(v,y), FEK
WA (f(z,y) AR Who (y—a2), (4 — o) ARELH.

TTVGERA A R T LR F AV IA X CH AN EFZA FRE wRALEZEE p A2 LA N T AKE
flx,y),9(z,y) € p RAREHMH,ME. & C(x)ly] L4 Buclid F & T AE—NERSZAKXN h(x) € (f(x,y),9(z,y)) Cp.
W %R XA T 5 fEE T VAL h(z) BAEF e v —a AT, B x—a€p,acC EMGER y—bep,be C. XHLH
REEARRZETHEH, WAH (z—a,y—0b) 89H K.
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FETRAEMEZ KBS SpecClz,y]. AARFRKEZR (z —a,y—b) HEAE (a,b) € C2 B RTLH SR XA m LA
(f(z,y)) FHERBE f(r,y) =0 L&, ERLEFHCCEARZENRL. thdw & (y—2?) 2EHK y=2% £, RFELR
Foil ¢ RS AW EZRMMLE. KB & (0) £—A generic point, CELZIFALIA & (a,b) OIRE, ER2ECIRAEY
& f(r,y) =0 k. FTRAEKMETAFE T A :

AN
[({ (x, g))]

@B =[(-0,y-b)] e

“closed point” j
(see. Definition 3.6.8) [(0)]

Kl 3.3: AZ = SpecClz, y]

BAVET AR T “4e” S RBE LN TE. KAMIAAE (a,0) RFHLER (r —a,y—b) £ 0 489, & [(f(z,y)] BT
AR AR E, T AL F A —/NEE &R LG “F) 87, MR—/ANHE, ¥h 1 4. & (0) BAEEESL (a,b) B
BB, MK TE 2 4. K0P AGLERA compler R KA KRB L, KMNLEABKRGELE, RETARSH E-F
& C? 9 real dimension /& 4, complex dimension 3 2. —AX kB complex dimension & real dimension #—F.
iE 3.1.3 AV F P 89 C AT AR — Ak 89 KL H] 3.

BRI B — ) AL,

Bl 3.1.12 %5 A% = SpecClz,y,2]. TAEFE (z —a,y—b,c—2);a,b,c € C & Clr,y,2] WEZE. RALRFXRMT C
BAMKIEA. EMNEIANZREFELE (a,b,c), €A 0 £, & Hilbert 33K & ZEZTF2, Clu,y, 2] XA HEEH Xa9R
KA.

BATE B AT — IR A BLI A"y = Spec Afxy, - -, x,] T8,

3.1.2 Hilbert £S5 FEIE
EF3.1. 120 FRATHE] T Hilbert 55F fE#, AN AR — 1 Hilbert 59%F S E# 5 Hilbert & &g #.

EIE 3.1.1 (Hilbert BB REE) X K £ —MREM K. NS AEAXK Koy, 10, ,2,] 89P7TH R KIZ AR AA 4o
(x1— a1, , Ty —ap),a; € K 8.

EIE 3.1.2 (Hilbert SRER) %t K £— M, MWEALAXNR Koy, 20, - ,2,] OHEMMKIZE m 89 residue field
Klz1, 20, an]/m 402 K QAR K. SE S0, €5 K 085K F w R ARAR KR, 2 F A2H
HIEEANTEIRRE K L&A=,
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i¥ 3.1.4 Hilbert %324 % #ARAH Zariski 5] 3L.

FATHE kit Hilbert % mUE FORIE Y Hilbert 557 i BE.

IERR ¥ KR —AMUEAE, % m ONIE Kz, 2o, -, 2] PRIBORERAE. A BRI A S
¢: Klxy,me, -+ 2, — K[z, 22, ,2,]/m.

JITEL residue field K[z, 2o, - - -, zo]/m E—MARAR K% fE#E3. 12758, E2 K WAERY K, SOvEy K,
M HER K EARAERIEEE. BT K ARG 528, i
Klxy,z,-+ ,x,]/m =2 K.
KB m BB RABEN (21— a1, @0 — an),a; € K. -
B3.1.13 % K =%, AREFT AR—AFR K-RE (F A R K EAREXRMEZR) . FEREWH xz: A
Ajarsax. BT A =R, H ker(xx) = {0}, BP xz £—NF4. %A
dimg A = dimg ker(xz) 4+ dimg im(xz) = 0 + dimg im(xz) = dimg im(xx).

KL xz A — NS HA—ANEH T LR, HFTFEEG ac A, #ALE b A, BiTREBRS xb 43 ab=1.
Bk A RAFRZBIF, A R—AH

FRAL@MGLER, o RER Koy, og, - 0] BEFEE p TG Kz, 20, 2] /p R—AHR K-RE,
4 Klxy, e, ,x,]/p A=A, #p & Ko, 29, -+, 2, ORKIZE. IR2AHREI.L1.2T 4, Klr), 22, - ,T,]/p &
Klzi, 29, , 2, 898 RY IK.

XT3 Cla,y, 2], BATHATULFIREMREAE. 15562 genric point (0), BEXTNFE “3 457 . HIE R T AT L0
X f(z,y, 2) FrAERMEAE (f(z,y,2)). H f(2,y,2) =0 PEERT DR E—AFH, T2 HARMIBATAN (f(z,y,2)) & “2
ger” XTI (2,y) MREE (KA Clz,y, 2]/(z,y) = Clz] £&—NEER), ATHIE x = 0,y = 0 PIELTR—FK L,
FrABATVCAZ AR “1 487 1. IR ZAFZEAN 1 4eR238A, (HR2IRATH i GIEKR B — N6 18 B 2 ik A 2T
HEAT 4325, AT DRSO 1 4ER R B2 AN aT 20 A 28

L AL = Spec Q[z] H . HERBHEILEW (z —a),a € Q WA, BTLL Ag HHR SRR Q] HR AR COREEAR.

fl 3.1.14 & T

Q[‘%y}/(x - y7x2 - 2) = Q(ﬁ)v
Q[x,y]/(x + y7x2 - 2) = @[\/5]

#RAIR, P
{x—y:O, {x:\/i, r=—2,
=

22 —-2=0
WHAT (V2,V2) A2 (—V2, —V2) REE—RE. AR

iE—i-y:O, .I:\/i, I:_\/i)
=
?—=2=0 y:_\/ia y:\/i7

AT (V2,—V2) & (—V2,V2) REE RN,
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3.1.3 Quotients and localizations

WER T —AI A, AT Dod e AR, B R AORAG B —ASH IR, XTI spectrum 23R JFER 1 ER
£ spectrum W —E AR,

B R TR,
EIE 313 % A A —AF, BRI A AG—AEZHE, WEMNA——3 2
{peSpecA:ICp}+«— {pecSpecA/I}.

BPA/T ¥R F BT A 5] A PREANFEE L, PTARATT A4 Spec A/I HAEA Spec A 89—AT .

WEBR % ¢ : A — A/I 22— canonical map. ] ULIEBIAEAEFLBLST o« A/T — A 15 ¢ BN—/NZ B 28] inclusion-
preserve PR, BUUIS pi,po € {p € Spec A : I C p} W2 p1 C po. A d(p1) C d(p2) WAL, O

RIEIATHE — T R,
E 3.1.4 % S &—/A mutiplicative subset of ring A. I} 4 Hl——3F &

{p € Spec S™'A} +— {p € Spec A : pN S = 0}.

iERR B p e Spec AR pnS=0. Fit p={2:aepbe Sy T pnS =0, XYW £ =1¢p, Hblp+#S A FHiX
L2 e STTAGE 22 ep T p BRI, UL ¢ Bt RET p A p 2 EREE

W q € SpecSTTA. IANL q M ¢ MR TH o PIRINESN q. AR r,r € A E rry € §. HIT
nomc g, WLEE D HE 2 BT g W S e BT G MR R RGNS £0, A q RER A

AV G KAk B
¢:{peSpecA:ICp}—{peSpecA/I}, pr—p

FEXURE. MR py £ po. IEARIR py # po. XITAERER q € Spec ST A, FATHT LUK q HHIFTA “7077 LR TERIER K
WS q. B 15 S M A PRIREE, HFL 6(q) = q. M ¢ 22— DX O

B 3.1.15 3% S — A\p. 4B RES 14T, SIAWERR——3tE 5 AFE S RRMERR, B Abasp s
A, #A14 A=Clz,yl,p = (z,y). MT K (FHARLEE) SpecCle, Yy THRAMEL-LFIREN “REH”
CEANAE 0 Ry ARA 2 by B A generic point (0). B 1 £ EHA ((f(x,y)), £F f(0,0) =0, BPFLR &M
irreducible curve. HFAVT AZAS KB =& H .
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5p€C d:[l,g](x‘ ‘D

3.4: Spec Clz, y](z,y)

Bl 3.1.16 # & Clz,y]-# E4E 7

0 — (vy) = Cla,y] — Cla,y]/(ry) —

0.

&3 Clz,yl, £—A flat Cla,y|- 42, BT (1) Oclay Cl, yle AEEHT. FTAKMA E45 5]

0 — (2y) ®cle,y) Clz, yle — Clz,y] ®cley) Clz, yle — Cl,y]/(2y) @cpzy) Clz, ylo — 0.

iX 3%, B
0 — (2y)e — Clz,yl. — (Clz,y]/(2))2
REAN. FHH T

— 0

(e ={ P00y € Clol | = {220y o) € o} = ) < Sl

o
P CASA P 5 LR IE &5 47 5]
0 — (y) — Clz,yl. — (Clz,y]/(2y))s
BT RAVARA E4A 7
0 — (y) — Clz,y] — Clz] — 0

HA EAF)

0 — (y) — Clz,yl, — Clz], — 0.

yl/(zy

W L@y — J@w)y g (y), = (y) € Cla,yl,. #A13422] T : Clz], = (Cla,
FriA— ok —k 2 TE—FAH. Bp
(Clz,y]/(zy))x = Clz],.

iE 3.1.5 BEmBAEAIEH T X

(Cle,y)/(29))s = Cla, ylu/ (@y)a = C {xy i] (oL 2

— 0.

)z #AZ (y) — Clz,y], 49 cokernel.
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3.1.4 Important fact: Maps of rings induce maps of spectra (as sets)

EME3.15 % ¢:B—AARZANRLE, UA p A A PO—AFRZE, IF2RI%E ¢ '(p) A B Fe9FRA,

IERR B a,b € B /L ab € 67 (p). UL @(ab) = $(a)d(b) € p. HIT p RKIM, FLh ¢(a) € p HH G(b) € p. KLY
a€ ¢ (p) BFE be o (p). # ¢~ (p) € Spec B. O

XA EHIRATME, ¢: B — A WTLLESH ¢ : Spec A — Spec B,p — ¢~ (p). IXZ5H 7 —4 convariant functor

F : Rings — Sets.

3.1.5 The fault of nilpotents

FAVERTH C&imd#3.1.35F 2], BMEMA ARG S BUEERFSE, (H2WA R A T ReAE. JATSE
AN FRH, XFERFE IR K E K B nilradical.

EX 313 T ARANF, LHEacAWRBELELENcZY 1£1F a” =0, WA a A nilpotent. #7134, 0 £ nilpotent
.

EE 3.1.6 % A R—A3K, © A FHA nilpotents FTH R EE LA A B9—ANER, iLH N(A), %A nilradical of
A.

MRE 3.1.1 % A 2—/2N3K, BiXN(A) A A 8 nilradical, A8 48 N Spec A/JN(A) — Spec A & T i, —/NU4.
EIE 3.1.7 3% A 49 nilradical N(A) B A WPk ZEBL, B

NA= ) »

pESpec A

IIUAT 8 &R A, Spec A F 89 HBAEFNEHAA 0 B AL EIANRKHA nilpotent 49.

HXANER, X T WA Spec A LIRE f,g, IR f, g R AHBUAME, MHET f— g E8 DR HUEA
N 0. XHBEE f — g XANJTE A nilpotent [, MAREARGHZE 0 JUE. KA FA AT 15 (1 1 i o8 A s B 10 e
k. R —NHEAIEZFN nilpotents, FATHRIX N2 reduced [1].
3.2 The underlying topological space of an affine scheme

EATT, FAILTHEN specturm P HHINEE, FHFUHE IR LS.
3.2.1 Vanishing sets
EX 3.2.1 (Vanishing set) % A £—A3F, Bk S & A W—ATH, &Mk

V(S)={p € SpecA:S Cp}.

B S PRI B EIVES 0 45 p PR A

B 321 L AR—AF, SHAGTFE, W V() =V((9)).
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HERR % p € V((S)), B4 (S) Cp. BATE S (S)cp, MV(S)CV(S)). BXpeV(S), Ma Scyp HT p E2RH
B, U THEER re A,s € S #HA rs € p. AR TAERPARM S rsep. B (S) Cp, #V((S)) C V(S). O

Bl 3.2.1 % & vanishing set V(zy,yz) C A} = SpecClz,y, 2]. RMIKEZINES T LA H 28469 5: B vanishing set 49
BN 4nild, XEMAEEE p HL zyepyzep MARNESWABEFMNS TRALF vy =0 UK yz =0 69 SRR, BT
AEMBEEEM oy =y2=0. BAFETFEH y=0 ARAK 2 =2=0. BPF2 2z FB@E y 4, XL PR RaE
A (PREA (z,2),(y) AL V(zy,yz) FTE. LI, LH generic point 0 Frxt ey (0) LA V(zy,yz) F.

53] 3.2.1 FH o &, y h, 2 HAEE V(ey,yz) P

BB EEHT vy=2=021 2y = yz = 0 BIfE, RXUWHL (z) #AE V(ey,yz) F, Bl o BERTE V(zy, yz) H. S50k,
r=2=0LlUK x=y=008U0HT vy 5 2 #IE V(ey,yz) . .

'IEE 3.2.1 X A FE'E}Z:, H Sl,SQ h A éﬁ%%, 4 R S C Sy, AR A V(SQ) C V(Sl)
EX 3.2.2 (radical) % A R—ANK, [ C A R—ANEHE. KMFES
VIi={rel:Inez>° eI}

A I % radical. 3T VA R 2 E3.1.TiEH
Vi= () »

pESpec A,ICp
BT 3.2.2 X A A—AIR, T H A WA,
1. radical VT A& 2 —A A 693248,
2. A nilradical N'(A) = \/(0).
3. VVI = VI. BisfiFrde B—AZRAL ST radical, WARZZRN radical.
4. Vanishing set V() = V(I).

5. WF A®RA T #HE (InJ)2clJcInd, A VI =V(INnJ)=V(I)UV(J)

7. radical Fe A TR T AR Be: & L1, L, -+ A AWRERE, R4 /N L=U", VL.

3.2.2 Zariski ##p

EX 323 5 AR, SH AMTFE, &AM X Spec A ¥ 45 vanishing sets V(S) # Spec A ¥ &9 &. FAriz 464}
A Zariski 163].

1A 3. 2. 27T IE WA R AR BT I Ut B 3RAT] Lk sE SO RE R, B Zariski #1412 — N H 4.
R 3.2.3 & A 2 —A3F.

1. ¢ #= Spec A # & Spec A F &9 %.
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2. Jm R I, R—EFEA, HP i BTEMMARE, K2 N, V(L) =V, L) BRFEGEEAMARLFE.

3. I, I, B AWMERVL)UV(L) = V(L) GERGRSR LI BAES {30 i L, € 1;,j=1,2}, &
NS A AN .

MERR 1. BT V(0) = Spec A J& 4, FrLAHAME V(0)°
.
2. A1 3. HIUER] WAZH AR B O

ORI BT V(A) =0 N, PFrel V(A)° = Spec A ZJF

FATTLAE V BIERERHEES LM—ABREL XNBREGE “inclusion-reserving” 11, BIWRA S, C S, WA
V(S)) C V(Sy). HREMAERNZ, BE S C S BEAFKAR, VIHWRRIE V(S)) = V(Sy). AT LB R XA T

Bl 3.2.2 £M%iE (S) C \/(9), 1BRAGE 3.2.2%, £MA V(S)=V((9)) =V(/(9)).
BATF R — MR E— T AL B Zariski #i4h.

I 3.2.3 =iz AL = SpecClz]. A% E A& SpecClz],0 MAFE. ABAMAFS1L5FRE T EHF (AKX AT X
#A (x—a),a € C. M EHE LN E o RAXTHEEN S C AL, BT Clz] £ PID, FTAGEEEA [ € Clz] 147
(S) = (f). FrAL %A

V(S)=V((f)={pehc:(f)Cpt={(z—a):aeC,(f) C(z—a)}

BT C AR, I f(r) £ C ERSHAARS AR, ZERE V(S) R—AAMRE. XY SpecClz] FE42A R
S A K I8 G 18] 89 Spec Clz]\V(S) & AL P8 FE.

iE 3.2.1 &M udde C ) 2 —ORKAR K L@, T K &%, ¥HMRY Kz] & PID. R A £ 03, A T
EBAV((9)={(f) e Ak : (g) C(f)} MEA feKlz] mz. B f(z)|g(x). BT g(z) EZAAREZNSM, T V(g(z))
AR, ¥ Spec K [z] X AMSANFREMARA A PHFE.

HATHEHTTN Spec Clz, y] I Zariski HINEAFAREN, T Cle,y] A2 PID, FrUlfEil = fvFR aLL.

5 3.2.4 (Closed subset of A2) =e#3.1.11. #A4eid Cla,y] FHFREEH (z—a,y—b),(f(z,v)),(0),a,b € C =4F
R, £F f(a,y) £ Cla,y] ERTH. A2 LFHHAERATH X,

1. &%, B V(0).

2. ARSZ FHEAUARARSA EHMARGES. B V((f(z,y),V((x—a,y —b)).

3.2.3 Important fact: Maps of rings induce continious maps of topological spaces

PAERTH AL EIE, MTHZEMEL ¢ : B— A, BRI LLFEFH spectrums Z [ [ Spec A — Spec B. MAER
IR T 1 spectrum VAFRFN 0], B4 3K i BH PR 2 18] (1) [R5 7T LA S 4 4 23 8] 2 TR) AR a9 ELX A B 300 o 3 S L

EIE 3.2.2 % ¢: B— A RKRZBESH, 2 LEFBM 7 Spec A — Spec B £ 4641 [A] Z 18] 69 % L e 4t. H ELT 1A
¥ Spec MAE contravariant F-F Rings — Top.
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HUEBR 1% V(S) C Spec B 2 — M. FLEHiE 7= 1(V(S)) = {p € Spec A: S C ¢~ L(p)}. WK S C ¢~ (p), WA #(S) C p.
K 71 (V(S)) C {p € SpecA : ¢(S) C p} = V(¢(9)). W ¢(S) C p, MAXNTAERK s € S,¢(s) € p. KUY
se¢t(p), B SCot(p) M aH(V(S)) DVI(e(9)). BJa n1(V(S)) = V(¢(S)). # V(S) BB RE ML, B = &
HEELH].

FATUERH Spec 72— contravariant Bf§. & X

Spec : Rings — Top, A+~ SpecA, (¢:B — A)+— (7 : Spec A — Spec B),

HH Spec A, Spec B B Zariski $h5t, m &H ¢ FrisFHE. & ¢, : C — B, ¢y : B — A AR ZARIFEZ, /155
i 7, : Spec B — Spec C, 5 : Spec A — Spec B. H4 Spec(ps o ¢1) : Spec A — Spec C' #H4T 71 o my = Spec ¢ o Spec ¢,.
XL T Spec & — contravariant BR¥-. O

iE 3.2.2 BARKMILEL BRI RN R QG ESHITEF H 69, 12254 TRITA GE LA R E L5 F0 5 XF3]. thdeF
J& B
() = (z - 1),
f : Spec C[z] — Spec Clz], (x — 1) (x),

id, else.

B V((x)) = {p € SpecClz] : (z) C p} = {(x)}. ARBEH [T (V(2)) = fT'{(2)}) ={(z - 1)} = V((z - 1)) BAR—=A
M. Bk f R—AEGERSA, #—FH, R—ARE.

Wt e 31,300 S e #E3.1.47] LLAIE, Spec A/I Al Spec S1A #n] AEAESZ Spec A WIT-4E, IS4 Zariski #HFhE
KA FAEARER, MR EESF 7RISR

EIE3.23 L AR—AFR, TCAR AWHEBSCARAFH—A multiplicative subset.
1. 3T H3K4Y spectrum, Spec A/I, '€= Spec A ¥ &9 %&.
2. R AWM T Spec A/I VA Zariski %4, IRAEC 2 A& Spec A 8§ —ATF 4&4].
3. R S={1,ff? ---}. AR24 SpecS™tA 2% Spec A ¥ a4F T %&.
4. 42 XK T Spec ST1A VA Zariski 64, AL C LR Spec A 89 —AFIB4].

UERR 1. i E3.1.34 — XK
{p € Spec A/I} <— {p € Spec B : I C p}.
JIT LASEAE —— X
Spec A/I «— V (I).

# Spec A/I H¥A/2& Spec A HIHI—AH4E.
2. % S C A/I. B4 Spec A/T HIALERAGTE V(S). FI& canonical BT ¢ : A — A/I. IBALELE ¢71(S) C A.
H——X

V(S)={peSpecA/I:S Cp}«—{p €SpecA: T Cp ¢ ' (S)Cp'}=V(I)NV(¢p'(S)) =Spec A/ TNV (¢ (5)).

WU Spec A/ H Zariski &K, A B2 Spec A K THith.
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3. S = {Lf.f2 - fr ) B, R 8.4, AN
SpecS 'A<+ {pecSpecA:pNS=0}={pcSpecA: f"¢pncN}.
T4 HAMER R {p € Spec A : In €N, f* € p,} MAIRFENI m € N 543 fm € p. T4 Abel T2 BTG 2 —A

additive Y%
{peSpecB:3n e Nf" cp} =V((f™))

P T Spec S~'B &4,
4. WHEES W C S7'B, A HEHE3.1.47 41 Spec S~'B HHIHLER W T ——X M
V(W) ={peSpecS'B: W Cp}<+— {p €SpecB:p'NS =0, (W)Cp}=SpecS ' 'BNV(p— (W)),

Hrp ¢ : B— S7'B N canonical map. Kt Spec S™'B MR EA Zariski #i+h&5M), A EZ Spec B T H#ifh. O

£ 323 LR P FE 3 K RAMNTHEEY multiplicative subset S M Z. 4B A = Z R4 SpecZ = {(p) :
p is prime}. AR A
V({I)=V((n)={p): () C(p)}

BP&AA pln. % n =0, R4 V((n)) = SpecZ. €& SpecZ FeIH%E. 3 SpecZ ¥ &9HEAH AAA X: AREA
(p) PrA A% 49 S B VA BHEAS R 18] A28 AR E R B AT RALFZ T 89 vanishing set A (0). Tk (0) RARAFFF LT
AME, 12R&CHE SpecZ F. £A8y Spec Z\{0} L2 IEFFIEHF. PV SpecZ R ixA M Zariski #631.

£, SpecClz, Y],y = Spec[Clz, y)\(z,y)] ' Clz, y] LR FEM R Zariski 64}

AR, dm R T 2 nilpotent &9, AR AHE Spec A/T — Spec A & —ANF FE.

FEE 3.24 %X ARRK, TCAREZHE N4 fHRAEVI) $oE5LEHN 0, YHERY fecVI
B W pe V(I) AR f (mod p) =0. XEWk#E fe [ p=VILWRfeVI, BaE@Hfe () »p W
pESpec A, ICp pESpec A, ICp

TR pe V), f (modp)=0. O
3.3 A base of the Zariski topology on Spec A: Distinguished open sets
ENX 3.3.1 i A RN, BiX fe A, &ML distinguished open set 7

D(f)={p €SpecA: f¢p}={pecSpecA: f(p) # 0}
331 HELT4e: D(f) =0 % BARLxFAEEM p  Spec A, #A fep, MXBARY fe N(A).

EME 331 % A &35, BaAdTHEE S C A, V(S) itk V(S)e A—2 distinguished open sets #93. B V(S) =
Uses D(f). H B distinguished sets T VA#) % Spec A E#y—A-A.

MERR ¥ po € V(S)° = {p € Spec A: S & p}. LAFIE f € S MHifF f¢p IApoe D(f)={pe€SpecA: f¢p} XUiH
V(S)* CUjes D). T p1 € Useg D(f). MALFHE f e ST f ¢ p. IKEKRIE pr e {pecSpecA:Sgp}=V(S) H
Uses D(f) C V(). B V(S)® = Uses D(S)-

HTF {D(f): feSyc{V(S)¢:Sc A}, A {D(f): fecS) & Zariski #i#}, Spec A Lf—/N3E. a
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BN RFBEIE M — LR,

SIH 3.3.1 & A R, fi€ A, AVair i BHENGIRE J AL U, D(fi) =Spec A S HAY ({f;}ics) = A, FH
PARESZAERTET Y afi =1

MERR WR ({fi}ies) = A. W p € Spec A. HT R L5, XUWHFE fii e J 1T fi ¢ p. X pe D(f;) C
Uics D(fi). BT D(f;) C Spec A, HERMIATH U,o, D(fi) C Spec A, # U, D(fi) = Spec A.

IR U,y D(fi) = Spec A ARE ({fi}ics) # A, H Zorn lemma A HIAFAE—MRKFAE m 15 ({fi}ics) C m. HA
XTAERN i € J, fi € m. I TARKBARA R RBAR, AT, #14E f; ¢ m, XEFJER, FTAREE ({fities) = AO

B 3.3.2 4o X Spec A BE—ANRFAFE J 1243 Spec A = U,c; D(fi), MA—RTARIGATE J PRBRE AR S A
AT R — A I8 HE 4R T C J #8143 Spec A = U, ; D(fi). #8135, HA~ Spec A # A £ —ANA TR,

WERR BT J 2T, BLK Spec A = U, D(fi). MAMSIHEI.3 1R, ({fities) = A BAFERRM 30 a,f; =
1,j € J BAFERAA RA P R bR S R O A IRIRIREE 77 C J. BATGE R T ({f;}jer) = A, FHI5]33.3.1,
Spec A = U, D(f3)- O

#5 i —A distinguished set Hiz & M.
TR 3.3.1 % A R3F, ¥ F4&E& f,ge AH D(f)ND(g) = D(fg).

WERR W p € D(f)ND(g) ={p €SpecA: f¢p,g¢p}, W2 fg¢p. # D(f)ND(g) C D(fg). MR pe D(fg) ={p €
Spec A : fg ¢ p}, FUHLEHZRIAER)E L FTLUFE] p € D(f) N D(g). 8% D(f) N D(g) = D(fg). O

FHE 333 % A AR, fgc A A D(f)C D(g) SAREHE n>1,f"€(g), SARY g & A P RTHR.

ERA EME — A “X B ] D(f) C D(g). MM TALE p W2 f ¢ p, BHWHE g ¢ p. WAEH BRI W
Fgep, MW fep B V() Cc V() WMAKFAERDR p' € V(g), #F f (mod p) = 0. HT p HET V(f), FrLled
fe m(g)Cp,pGSpecA = \/@ BIfFLE n > 1, f* € (9).

BIRAEAE n > 1, € (9), BEKE £ € V(9) = Nigyeppespeca P- WA f 1L V(g) thITELEHS 0, BIRFFAER
V(g) HIREAR, f #m TXAREAE. i V(g) C V(f), Bl D(f) € D(g). Bltohik, FATBE f e (9) HHNE
D(f) € D(g).

IAEERSE A “YMHACY” . B f* € (9), XEWEFE a € AT f* = ag. W2H 9L =L c Ay TR
. L1, #e &=1, WgE A FRTHEM.

ik g £ Ay ol %BZ@ETL?L%-%:LF)?U\%’-#:L Bl ag = fr, HSLELRZ € (9). O

iE 3.3.1 AJUMMEY A B RIEE —ANARZ 5 T Spec A, &AMA V(g) = {p € Spec A : (g) C p}. 3T Spec A/(g), ¥A
 p' € Spec A/(g), #ANVA——3F -

{p €SpecA: (g9) Cp} «— {p’ € SpecA/(g)}.

BPA AR V(g) = Spec A/(g).
W RA V(g) CV(f), R4 f #& Spec A/(g) LW BUAARAZ 0. X E BHAXE f £ A/(g) L& nilpotent 89, BP f € (g).
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3.4 Topological and Noetherian properties

Ao asE L—1hE LT Zariski #h4bh, IATERTRATSA AL IR MER, T H o5 HARES JL k47 Xt B
k&R, b2/ 2H Noetherian 258 UL &2 Noetherian ¥f.

3.4.1 Connectedness, irreducibility, quasicompactness

Connectedness
EX 3.4.1 (connectedness) % X & —ANgil= ], KANARiZIE 210 2EBE (connected), 4R 'E Ak AR FAAS
VN R R
A TIEAE FAEEELR, Spec A ZAEEIBK? B8 AT AFEHIPA, B/ spectrum FEEEI) ? UL T XS € 2.
B 341 2 RF A=A x Ay x - X A,, RAKRE
Spec A, H Spec As H e H Spec A,, = Spec A, Spec A; — D(f;) C Spec A.
# 1, Spec A; = Spec [];-, Spec 4;.

MERR T Ze AT AN, F b E ) coprudet SR TN TR ASE I AR — M, ATUEY 2 n = 2 I, Spec(A; x As) =
Spec A; LI Spec As.

B p € Spec(A; x As), fi = (1,0), f> = (0,1). HF (1,0)-(0,1) = (0,0) € p, # f, BH fo HPEDE—NET p.
M Ay x 0 Cp. BEERE m: Ay x Ay — Ayy IA w(p) C Ay, IBAKHT ab € w(p), WATATLUIRE] t € Ay {H75 (¢,ab) € p.
EUEH (t,a)(1,0) € p, BP (t,a) B(E (1,0) BT p. W a € w(p) B b e m(p), XEME n(p) € Spec As. # p SLFr LET
Ay x(p). K, R4 p e Spec(Ar x Ay), AT LAFBIEE /0 Ay x Ay — Ay, HAXA p SEBR EFET 7/ (p) x As.
TRENFRNLL: Ay x Ay THIRBERE pr x Ao, p1 € Spec Ay B A X pa, p2 € Spec Ay BIFFIE A

FE N R R

= P X A, € Spec Ay,
¢ : Spec Ay U Spec A, — Spec(A; x As), PP 2, P1 €SpecA,;
po — Ay X pa, P2 € Spec As.

FHHT T R RATEE ¢ D82 — AU, IPATNT R TEIEH e — N E. B
¢1 : Spec A1 — {pl X A2 : pl S SpecAl},
¢2 : Spec Ay — { A1 X pa : pa € Spec Ay }.
LI =A; x 0,1, =0x Ay MBATRMN G MNAFN Ay =2 AL, Ay =2 A/ TRBATE W N FRE:
¢y : V(I1) = Spec(A/I;) — Spec(A4;),
@2 : V(I2) = Spec(A/Iy) — Spec(A4y).

BT V(1) V(L) # IS, B oy, 00 5 BIAR 6, d BT, EE 61, 6o HREFINE. T B Glspec 4, = 61, Olspec 4y = os
20 1 B T BT A% A R 0

i 3.4.1 iR @y, o RRRLE T AE Rl e FiEik: £ JE Spec £ schemes P AR 69 T8 %5 47 2| 46 4| = 18] BT 44 A% T8 % 69 o)
F. @ F Spec(A/Iy) #= Spec(A;) & schemes L&RH), AP AHEEEHT T4 €N A RZIBIZ 10 LR IE.
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XA E AR T RHAT:

IS 3.4.1 Zariski 364 Spec A 23B89, B HANLIANIR A TAPMBAR RS AFM 42,

Irreducibility

ENX 3.4.2 — A= X £ irreducible #9, 4o % X dE=, HEL X REPMBAANANENF, A F R X =Y ULZ,
X2 Y, ZH X PORE, M2A#A X =Y &% X =2 £F% S C X & irreducible &), 4R CHEHFiadb =2

irreducible 9.
T 3.4.2 w3k A REIR, A4 Zariski 463 Spec A #A& irreducible #9.

MERR 40k Spec A # reducible ], 84 Spec A 7] EAGr i N PIAN AR IE, AW Spec A = V (I)UV (L) = V(I115) = V(0).
XULHIX TAERR p € SpecA, 1 LI, C p, Wl I, C mpeSpccAp = N(A). XU TER i € 1,j € J, 1
n € Z*,(ij)" = 0. B2 A R¥H, #hi,j PELH AR 0, B I, = (0) 8F L = (0). # V(I;) = Spec A 8L&
V(I) = Spec A. O

Bl 3.4.1 5-F@ C? L& classical topology & reducible &, SpecClz,y] £ irreducible 49.
EX 3.4.3 (ATE) & X Riedlzl, H£#FESCX AF, wRSFFHEE X GFEU, UNS#0.

FEIE 3.43 1. R AT irreducible 89, AR AZXANIBI TR PHEZIETTE - RLAEY. XL EM—F
AMARE AR irreducible = FIETFEL “RR”, CEARALCHEEFE A&,

2. =N BN R T ERTAHYE AR L CHF QL RIRT L4469,
3. —ANBH T e 2 irreducible 89, IRAC— RZEB.
WERR A4t 10 X =& — MR aa.

1. IX 25 S irreducible ISR E S, BN e ANIE .
2. ¥ Z 2 irreducible 1. WRKHE Z = AUB, K A B Z Z {8 Thibz T K L. A4

Z=7ZNnZ=ZN(AUB)=(ZNnA)U(ZnNB).

HT ZNA M ZNB &£ Z BN PRI A RIAE, HH Z £ irreducible (1, FIVE A4 ZNA=2, B4 ZNB=Z.
R ZNA=2, WAE Z=A8& ZCA NP Z=A, Wi ZiZEZHmsE B Z2=2, 4 Z 52
irreducible [1). W Z C A, XEWKRE (Zsup Z') C A, XH 7' & Z WFE. 4 ZC A, 8 Z=A, I} Z J2 irreducible
).
B Z s irreducible ). WK Z = SUT, X8 S, T #2 Z AT TE P RAE. IWALEAE S, T A X
&, 13 S=(2ZnS),T=(2ZnT). BFEE ZAEATHITRTHHAE S NZ, T NnZ, FATH
(S'NZ)yu(T'nz)=(SuT)NnZ,
Zc[(SuT)nZ.
W Zc(SuT.) BT SuT KeRME, bl Z C (S'uT). XEWE

S'uT)YNZ=S"N2))u(T'NZ)=7Z.
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T Z & irreducible ¥, W (S'NZ2)=Z 8& (T'NZ)=Z. AW S'NZ =2 WxzZcS, TRAES=(SNZ)=2,
Bl T'=2Z, ¥t Z & irreducible 1.

3. IR irreducible $hANER X AREEK), MAFEMDMITE UV 3 X =UUV. BA U=V, V =U°, T
X =UcuvVve, BIAHERFF, i X & reducible [F], F )&, M X —ELEET. O

Quasicompactness

EX 3.4.4 AkdBi21 X A quasicompact #), R FAETFEE X =, ; Ui, AT AR RIIA RS AT EMES
X WA ENFENEE. A= AFER quasicompact 89, 4 R CAVEHF =B R quasicompact 9.

i 3.4.2 2B FF, quasicompactness 892 LA compactness, 1R ERIF T compactness Fi# 55— .
T 3.4.4 %X A R—A3R, A4 Zariski B3 Spec A & quasicompact 9.
UERR REEE3.3.245 508 3, XAME L BARAY. O
EIE 345 1. §AMREA quasicompact = 8 FAZ KT 2] 69 = HAB R R quasicompact #.
2. Quasicompact = B 891 ZH T EAIKA quasicompact 89.

WERR 1. B¢ Ay, oo+, A, N quasicompact A, @ X =, A;. B {U;}es N X —DITERHR, BLAEHRE A =
1,2, ,n KJHER. BaXT Ay, AOTATUARE] Ujy, - Uy MIEC Ay A RIFE . K00, T Ao, - A, AT
#ony LR B R A PRI 55 I AEERZ ME R E &I, v —MERTER, BA X AR ES.

2. WY & quasicompact ). & FCcY &2—MHE W F =Y, IBLAEBRE quasicomapct H]. {1
F#Y, HTHAEHSERN, Bahmihahmfm g8 e o f, F 2 quasicompact 1. O

M 2E—"N Zariski #ifh Spec A [ =AME:
1. Spec A IEBM Y HA Y A AT Ao i A IR 2 A 1 3

2. R A ZHI, A Spec A 72 irreducible B, {HAEREIE A ANRHEIR, Spec A tHA[EER irreducible 1), HLin
Spec C[z,y] A& irreducible ff].

3. Spec A Kij& quasicompact ).

3.4.2 Possible topological properties os points of Spec A
FIHFRATE A8 T Spec A BEANT R =AMERT, e F RN HE B O6#% 17 Zariski #i4h Spec A HEAR I A

EX 3.4.5 (Closed point) % X A—Adeit=, # pe X Hizdedt =l Fo9—/ANH & (closed point), 4= % {p} &
— A

5l 3.4.2 Classical topology C* ¥ &3P A E# 2 closed 43, BH C" P F EEHAHALZME. Fibde Zariski 4641 SpecZ =
{pZ - p HEHK} ML THEEIFERERK p, WEROLRTHMME, A V(g ={qZ € SpecZ : (p) C qZ} = {(p)} AW %,
% (p) A SpecZ F&HE. 2R (0) A&, ARAHLE V(S)={(0)},SCZ B SC(0). AL S={0} X#H S=0.12%
V(D) =V (0) = SpecZ, XBFF, ¥ {(0)} RAEWE, B (0) RAH &. & SpecZ F &1 &A% 4S SpecZ\{(0)} + 4
P .
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st F—A K, 3t Zariski 4848 Spec K[t] #, WF K[| # PID, % £RBAH (ft), (t—a) BHHX, £F f(t)
H K[ P ARTHSAK. #de RAEESTR g(t)|f(), T2RRA (90) = (FO)). % V(FO) = {(F(1)}. AHEHT (0),
EWHIT T G T AR B C RN & ¥ Spec K[t] ¥ 891 8% %4 Spec K[E\[(0)} 89514 ..

MHFAEBLRGEEZHRIZE m, LR L. BIXm AF A GRKIZA, IRA V(m)={peSpecA:mCp}={m}.

F RS H U B 1 P S S ARE L AR O B AR 16 .
EIE 3.4.6 X A &3, N SpecA $a9] EAr A PR KRAERE ——2F Z 89,

HUERR ¥ p € Spec A M. AP ALFEE S C A i3 V(S) = {p}. W p AW AR, IATATAT AR E]— MR IEAE m
i3 p Cm A SCm HTWRHEBELRZEMR, LLV(S) = {p,m}, HEETE, Fril p ANRKEEAE

B m A AR DRKREAE, BT m 2RHEE, T V(m) = {p € SpecA:m C p} = {m}. # m y Spec A H1f]
Zil=y

B 5 0] DA IE BT {p @ p is closed point of Spec A} — max A,p — p, XH max A N A FFTE IR AR Bris) B 42

G BRI XU O
I 3.4.1 X K £—H, RN K-REE-ANARE K Laz 2, R2AEN K-RE—2 A —ADBER.
MK 3.4.1 X K h—A 3%, A AARAER K-X3. IR AH Zariski %63 Spec A ¥ F] EFTH a9 £ & —AE 9.

WERR ESE—; W f e AR D(f) #0, B f A% nilpotent [, # Ay A2 zero-ring. T 2T LAE A, TR BN CTHAE.
BT Ay PRI SGR T py, f ¢ p € Spec A, f & p W, #EHER pp N Ay HHI—DHIORERAR. A A TR 2L
WEWY A/p RBORIEY] p 2 A iR EAE.

BT p ZRHEE, BR A/p HOLLEA 7. H51H3.4.177 51, K-RBUNREARYE K E&tEwE, Bae—ER
B AR A TREEY A/p NERYE K EZ&t=n (ecgad K-AR38T) |

BT A NARAR K-8, AP a1, a, € A, WTHERR a€ A, F a=kay+- -+ knpay, ki € K. #E—53,
fe =0y B WAy WRAIRAE N KRB BT py v Ay IOBCRERAR, W Ap/pp B ANEL TR Ap/p AER
AIRAR K-AH, FrblE 2 K — 5K, B Zariski 5/3#3.1.2°751, A;/py £—MARYE K EmEasE. [FKH
T (A)p)s = A /ps, BAVEE] (A)p) NEMRYE K 2.

%% canonical BT A/p — (A/p)s, Erg— ARG, RINIER —DNEAPEBR, el A/p 2 —1 K EAREZNES
). Beoh A/p &R —NERAR KRB bl A/p &—AMk, B p 2R A, HhEHE3.4.6/4 p T2
R.ATTIRATE 285 f ¢ p, FTEL p € D(f). FrUMER Spec A HIRIFEE D(f), HLIHAAEAE A, BRI RO 4 B B2 A A
RIS RS, Wb,

WEEZ: W fe A, R D(f) # 0 AEEH A, B TAERKRKEE m € max A, EHAET D(f), bl fem.
W fe ﬂ m. 1 Hilbert Z fUEHATE M cmaea ™ = /(0), # f 4 nilpotent ), ¥ D(f) =0, FJ&. ¥ D(f) L
. 0
i£343 A AAMRAERRKIA—NLIRT Vo EM, mRAAZEE, LEGATRHERZ: X K AR, FE/HIRF
K], ©#13.1.4% 24 spectrum A Spec K [x]z) = {(0,)(x)}. €A —A K-R&K, BRLHRAERLY. TARIE (z) A
Spec K[z] ) #9M &, 122 {(0)} AFEHFLLE S A (v). & {(x)} & Spec K[x],) FATAHE.

Bl 3.4.3 & K R—AMREHER, A=Kz, - ,2,)/] BR—NARER K-KREFE N(A) =0 HXES X =Spec A C
Spec K[zy,- -+ ,x,]. W X L&y HK bz F o Loy &Pk 2.
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WG % f,g ABA X ERRSSHE. IRA f—g#0. BT N(A) = {0} = N, cgpeenp = (0), FIA f—g & X
EAEERERAN 0. TR D(f—g) £0. ©F A RARAR KK, GRA341THe, ©—RaAHE, XiLH
Jo B3 FAE M p € Spec A, f(p) = g(p), W (f —g)(p) =0, & f—g=0.

EMX 3.4.6 (Specialization and generization) X X #—AN63 % B, Bk x,y HiZdedt 2 AR AANE, w0 R H z < {y},

WAz & y & specialization, y & © % generization.

Bl 3.4.4 % )& A2 = SpecClz,y]. & (y—12%) A& (x—2,y—4) = (2,4) 49 generization, % (v —2,y—4) A (y—2°%) 8

specialization.

[(y-)
24)= [(c-2,y-4)

K 3.5: Generization and Specialization
EH 3.4.7 % X =Spec A, W q A p 49 specialization % HALE p C q. FiA V(p) = p.

IERBR ¥ q N p M specialization, MSAHEX, Hqe {p}. %S XL Scp, WapeV(s), T {p} CcV(S), #
qeV(S), #ATH Scq, BlpcCy.

WHRpcq MWAFTEEN SCX, WEScpllScq XEHWEpecV(S), W qe V(S Mam/MMIELE p
L {p} = V(F), X8 F & X MENTE B pe V(F), Ml qge V(F). &ITE q € {p}.

MEIEH qe {p}, Mapcq Bl qeVip). ®E V(p) = {p}. O

ENX 3.4.7 (Generic point) % X H—Adeil= i, K Aizdeit= R egHE. £014k pe K A K 4 generic point 4=
% {pl=K.

Bl 3.4.5 & AL ¥, V(y—a2?) ={(y—22)}, ATk (y—22) A V(y—2?) 8 generic point.
AT FRATIHE ], generic point S7EALR ST, ## FRIBATEHIX— .

EH 3.4.8 % X =Spec A A Zariski 64, K C X AHE, p A K 8 generic point, W p 24 K #4EE— 5 q &9
B (B q EFAERT), HFESRRE X\K PHEE—& ¢ L (FAEE v BRI E A p) .

IERR ¥ g e K = {p}. HJE q WA U(q). M4 U(Q)°=V(F), XE F N X MFENTE HEHE3.4.7, g K HHA
Y qeU(q), MM FZq MAFgp WIAA peV(F)=U(q).
W r ¢ K, Ba K=& e BAEE p FIATE. O
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3.4.3 Irreducible and connected components, and Noetherian conditions
Irreducible and connected components

ENX 3.4.8 (Irreducible and connected component) % X A —ANs4=H. A8 4 X 8 irreducible component 1549
RZAE M PR KEY irreducible T, BRiZTEREOQAETE K irreducible T&. 1 TE SR drreducible 89 % HALY
R AR drreducible 89, PTVA irreducible components #f A%

£, X 89 connected component 15692 XANZ B F IR K4 connected TH, WZTELRLHOLETEZKRY
connected T 4&.Connected components LA H & .

¥ 3.4.4 IANAZ LS HEEMREAG T LEEEM, AL ZAE Zorn lemma ¥ VAIERR irreducible and connected component
ERBAEM, LT AR E—AS

SIFE 3.4.2 (Zorn's lemma) &K ¢ A—NMaF%E. HEL S A o TE. R S FHEERIHA LR, WINEESF—
EBAEGFRF R KT.
Hausdorff mazimal principle: 3 F—AMa k% P, H&4# Cy AR5 E— /MR KE C F.

EIE 3.4.9 ((F=IRIM=SEEBR irreducible components B9FF) & X h—ANdsdt=i], I X $8EE— & p H—<2 o5
T EA X 8 dirreducible component Z_ ¥ .

WA & p A X FHI—A A, o N—H X PEE A p 1Y irreducible TR —NES, HUESHIASRAEN
%%, Mo (o)) B o Hi4AFT4E. d Hausdorff maximal principle, & 5E @& F— M F T4 {Zabacr.
B UV N X SRR, HE UUV = U,y Zer BAMTAERN acl, 4

UUV)NZa=UNZ)U(VNZy) =2

T Z, & irreducible ), FFUARNIG UNZ, = Z, 8% VN Z, = Z,. XEWERNTE

o
V=_J%.
ael’
W Uper Za 72 irreducible B, XA U, cp Zo BUEFATEILK) irreducible component. O

F345 WRPp=FUF, XREZ [, K, A X A%, RapeF, & pe K. AT {p} AME, Mk {p} Cc F, 3%
{p} C o, B {p} = F &% {p} = F>.

HE X 9EERLOSAEEA connected component Z W, W E connected components %W %&. T A E&E 4=
] & connected components #93. —/~ connected component & A% 8B F LA affince scheme F #9 Spec ([[]° F2). #
f14 B S R 4 B

Noetherian conditions

ENX 3.4.9 (Noetherian topological space) #M1#k—AN4641% 18 2 Noetherian 89,4 R4E & & K £ A R4 descending
chain Z, D Zy D - #AAEZE, WHEEr 87 2, =Z, 01 =+
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il 3.4.6 SpecClx,y] #A—A Noetherian =19, F5£ L, E#3.2.409 83K T4, SpecClr,y] PHHAERA AT A
REWERARGES. ARSZATEERGES, 220,

AL TFAEE descending chain Zy D Zy D -, KB Z, WA ELRRATNH, A Z, ZLARAOEARE 5H
%, FLROSAREANF S OARKT 40, —2HEr>i 5 2,021 D D Z=Zppy =+, B descending
chain &A% 4. ¥ Spec C[z,y] & Notherain .

2@ C? A& Noetherian %), HENE F,={z€C:|z|< L} B2AHE F, DD -, ERaRE.

/S 3.4.2 % X £ —A Noetherian =8, R 2EZIEZTHAE Z T E—t9 R THA RS irreducible W% Z,,--- , Z;
WH, B 2 =2,UZy---UZ, (LERFEFGNF), FELXAHMREZA irreducible I ERTNGEO LR FZ O, B8535,
Noetherian =18 P 49 7] £ T A RA RS A .

WERR ULAIE B H BB AR #7 8 Noetherian induction. W C N X WA THEE, HHXEHTEEAREERZ A
irreducible LRI E]. AP SUER] C N &E. Wk ¢ A%, ok v, e C. R Y, BHAS T H—MAReH
irreducible &2 FEFTF RIS, FICXANHERN Yo, WR Yo IBHAE T 55— ANl 2 R AL, AT Vs.
AW EE XA REAE, RIS 34 descending chain Y; DY, D Y3 D --- . T X & Notherain #, ArPAfAE—A
febr r 1R Y, =Y, = WMARAEEZA Y, BARETHRZA irreducible FE 2 IEAAEIF. @R Y, & irreducible
1, WA Y, NatE C i, FJE. R Y, A2 irreducible (), WA ER A EATER Y, Y KJE YUY =Y,.
KA Y, B41E descending chain FJ&A NG, BIE ZH/NIAGER R R AEGRA™ irreducible &R FHFIES, BTl FME
BETFHEMFELAE, W—ERSMAEREZ irreducible FEERIIE, BRI YY" ZRREH R R NA IR Z A irreducible 4
I, WY, BERiRRNEBRZA irreducible FEERFF, TJE. i C HEgRT4E.
ORI RME—YE: R AL Z 7T IR AMIERA PR 2 irreducible I

Z=7Z1UZJ---UZ,=ZUZyJ---UZ..

WMa z, c(Zyu---UZ), il Z, =(Z,NnZ)u---(Z,NZ}). BT Z; & irreducible {1, FrLA0LERLE (Z,NZ)) =
ZL<i<r. AR (ZiNZY) = Zy, W4 Z) C Zy. K, FEFEATR o) 613 20 C Z,. Wasii 2, c 2, C Z.,.
HT XA RZEZA irreducible HERNREHIAE KR, IR o =1. # Z] = Z,. @ RE BIRPER, JATAT DR B4
Z; BWETHA Z5, WA RS AR 1. O

EE 3.4.10 & X £—/NEi= 0, 0
1. %464 = B ¥ 6945 & connected component #% X W irreducible components 493.
2. AR A BT LA 69 F & AR £ connected components #95F.
3. 42 X &R Noetherian =18, IRAE connected components B1EE S /NTFEAM R HE LA X b RBEIF LA,

HEBA 1. % U N X F8— connected component. HAX FALRE & p e U, HEH3.4.90%1, p —ELEFA irreducible
component F1. BHUE U FATA M &, FATHAT AKX B irreducible component, fiX%% irreducible components Fiz
K, EtEE S U B, B connected component 4 irreducible compnents 3.

2. W F N X HEEFF X PAMT4E. % T; N— connected component, W T; —&H T, C F. {W T, U F UK T,\F
RHEIFHA T, = (T,NF)U(T\F), BF T, A, IBABa e fmEe T, iFEkEs U, et F

3. HAUEM, X NAHMRZA irreducible components f13F: WHRAZ, WAk C A ANREARZA irreducible
components KRB RIMALRES. BT X € C, bl ¢ ARTE. N TIEE C € C, C A% irreducible 17, FrLA
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C=AUB, X8 A B #& C METHE, HNHE B4 A, B hEDHEF—MAEEEIE AR Z A irreducible components
PIFER]. Ak’ A, Ba A AR irreducible 1), # A WAL fENAS LR IE, HHEFH—DAGREEH
FRZ A irreducible components [FJFHAF 2. AW & it F2, AT LIS H— DN AFRE R descending chain, XF1 X K
Notherian 7% [A] 52 7 i ).

FrLA connected components F-F4E K H 05 B W AHBR L irreducible components 3. BT irreducible component
AW, AN RFE—E~& M5, # connected components [ TR FFHZEHE. FH L2 ITFE, HAE
PIRME I 4R, O

Noetherian rings
ENX 3.4.10 (Noetherian ¥R) #:3 A £ Noetherian 3, 4 R EHEBA R ascending chain I, C I, CC ---, #F
AR, WHEAMARr BF [, =1, =

Bl 3.4.7 1. 3BA Noetherian &5, RACAHEZLE (0) C (1).

2. Z & Notherain 4969, BA4R mZ C nZ ML F nim, WEEERXRAARSART, LR ascending chain
HARMRKE, AT,

3. =X A & Notherain 3, AL FTH&E A A I, A/I & Noetherian 49. B A% ascending chain I, C I, C
w=Clh=L= .4 =---=A/l,,,=A)[, CA/I,_,C---CAJI, RATRKHL.

4. =R A & Notherian 3%, Bi%X S A multiplicative set, N 4 S~LA &% Noetherian #9. B A4 R G EFEZ ascending
chainl, C ---C I, =1, =---, 83T canonical map I; — S~™'I; T 13442 % ascending chain S~*I, C S™'I, C --- C
S, = Sy =

W 3.4.11 43 PID # % Noetherian 3x.

HUEBR % A N PID, MS2ALEIEMEHACAENX (a),a € A. W a 42 irreducible [, #H-4iX% ascending chain 2R A (a),
AR E . WERAFAE bla, HY (a) C (b). R FPIR, HTAEEIBMOS TEEMCREE S, R &iLesfE8—%
FaE ) ascending chain.

O

A W R B IR 2 o2 B L EATRI PR AR #36 . PID M #52 Noetherian ¥4,

I 3.4.12 % A H—A 3K, MR Noetherian #% HAX Y & 094F F 3248 2 A PR A R 09,

MERR % A /& Notherain 1, I C AN A BBAR. WR 1T ARARAERL, WK I, = (0),I = (a1), I = (a1, az),- - H
Hoa, € lay € NI, . BAVRIFR] T — 5 AF2E M ascending chain Iy C I} C I, C --+, XH A N Notherian 377 ).
W T R PRA R

R A AR AR AR A PRA ). I RAFAE ascending chain Iy C I, C -+ RAFEN), WAFFE U, U Df
PRA T, BIfEAE N > 0 1845 FrA WA T #i e vazl I b, XAERARAE, # ascending chain R EE&FE M), H
A & Noetherian []. a

EH 3.4.13 (Hilbert basis theorem) 4% A & Noetherian 3%, AR 24 Alx] &£ Noetherian **.
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WERR X AMIERSK H:D.Hilbert, Ueber die Theorie der algebraischen Formen, Math. Ann. 36 (1890), 473-534.
A IR UE T A T C Alx] #RABRA IR Alz] & Noetherian . 12 f1, fo, -+ N Alx] FAERTT. Wi

I ARARERN, BAFEREDS 0= 1,1 # (fi, far o). TRE fopr A IN(f1, -, fn) T degree /MFEFTTER,
M2 f1 AT degree H/NAITEER, WHR T # (0) BIE. WRBM fo0 BEEAE T = (f1, -, fo, for1)s, IBAUEBR|SHLE R,
B, ¥ a, e AN f, MR, XH n>0. HT A& Noetherian 1], FTUAEIE N 18 (a1,az,-++,) = (a1, a2, ,an).
W4 an = S0, bag, by € A T4

N

Fni1 — Z bfgiling fry1—deg fi
i—1

& T FATE (fi,---, fn) FITCE, HHER degree /N fyi1, XEEAT fyv o PEETE. U
FHX AN E S Noetherian rings A1 Noetherian topological spaces Bt R K.

EIE 3.4.14 W% 3X A & Noetherian %9, AR 2 Zariski 63 Spec A 32 —A Noetherian = ],

MERR Wik Spec A A/ Noetherian [, HALFE— M AFEER descending chain V(S;) D V(Sz) e BT V() =
V((S:), XH (S;) AtH A W5 S, FrAEsrEAE. Brllsif ascending chainy/(S1) C \/(S2) C -+ DN&FEN, XM
A #2 Noetherian ¥ 77 J&. O

¥ 3.4.6 FH AT —T L, BP4nE Spec A £ Notherain #9, A T2 Noetherian #. e
A:K[xtha"']/(mlvmgvxgvn')v

HF K & N Spec A AH—AE (wg,23,--+), 3 Spec A £ Noetherian 83, 122 A K& R2Z Noetherian 49.
B2 —A3E Noethrian #9%)F, Spec K[z1, 2o, -] A Noetherian &, BA V(zy) D V(zy,22) DO TAFAEE

descending chain.

E 3.4.15 £ & Noetherian =18 P & F £ 42 quasicompact #9. B4R A £ Notherain 3, A L4E%F Spec A ¥4y
FrEH A quasicompact 8.

For future use: Noetherian conditions for modules

ENX 3.4.11 (Noetherian modules) % A £ —/23 (CREZRZ Noetherian 49), M RH—/> A-#. 4o R A BRI E T4
A s 89 ascending chain #2422 45, WA M A Noetherian A-#&.

EIE 3.4.16 X M A A-E, W M & Noetherain #9% BAX Y ¢ 0E & FAA A A R4k A,
MERR E R R 3,412 0
TN THIX AN 5 B B AT DB I 1 A8 SR H] W Notherian #5.

T 3417 X0— M — M —M'— 04 ABEELD], B M £ Noetherian ¥ % B X% M', M" # & Noetherian
=3

WERR id ¢ NIEAFI ML M — M. #4 kerphi = M'. % N C N' C M i#/& NNM' = N'nM' LLJ ¢(N) = ¢(N').
Wa N=N.HLl, &zeN\N, WR o(z) ¢ ¢(N), WA ¢(N) # ¢(N'). AGEH ¢(z) € ¢(N), WMALFEye N
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{18 ¢(z) = ¢(y). ATLL (x —y) €ekergp=M', M (x—y) e NNM', {HE (z —y) ¢ N, ZfFH NNM £NNM', &
T JE .

W M, M" #& Noetherian [, HA¥ {M;} A M H 0] R ascending chain FJFHEE, T& {M; N M'} LLK
{d(M;)} 4rle M’ AT M ] LUK Y ascending chain H)FAE%, 11 H. chain #2AER, BTl {M;} tH—ERFEN,
i M & Noetherian [].

WS M & Noetherian 1), @ik IEEFIT R, M WFEEBERE M PFEE M HEET ascending chain #B/E 8 €
[, B M’ 52 Noetherian ). Xy M7 FH)THREHEZE M hFRpgRLE], frblEREFFFR AR, Bl M7 HHI{ER ascending
chain HEL R EN, B M” H2 Noetherian 1. O

MG 3.4.2 v 2 A & Noetherian %, R4 A®" 3t 2 Noetherian A-#E.

JERR I IAgN:, &5 A ABERN A-BE Noetherian ). F% A2~ & Noetherian . IS4 % & ES 51
00— A —3 AP 5 A®(—1) 4.
RN A, A2(=1) #R: Noetherian 1, A4 HEHE3.4.170[ K1 A®" & Noetherian #4. O

S 3.4.3 R A R —A Noetherian 3, B M Z—ANRHIRER A, W M £ Noetherian 4. A 4 8 & 3£3.4.167
Jo M 094t E A-TRARARE R A-HE,

WERR % my, - m, N M AT, A TAERER me M, BA1E ar,--- ,a, € AHHE m =am; +---apm,. T7&
Fit

¢ AP = M, (a1, - ap) = aymy + -+ apmy,.

TRBAM LAY

0 — ker¢p — A" — M — 0.

I HHEWRS.4.20 51 A9™ N Noetherian #5, FFHEH3.4.177] %1, M N Noetherian A-fi. O

Why you should not worry about Noetherian hypotheses

Should you work hard to eliminate Noetherian hypotheses? Should you worry about Noetherian hypotheses? Should
you stay up at night thinking about non-Noetherian rings? For the most part, the answer to these questions is “no”
Most people will never need to worry about non-Noetherian rings, but there are reasons to be open to them. First, they
can actually come up. For example, fibered products of Noetherian schemes over Noetherian schemes (and even fibered
products of Noetherian points over Noetherian points!) can be non-Noetherian, and the normalization of Noetherian
rings can be non-Noetherian.You can either work hard to show that the rings or schemes you care about don’ t have
this pathology, or you can just relax and not worry about it. Second, there is often no harm in working with schemes
in general. Knowing when Noetherian conditions are needed will help you remember why results are true, because you
will have some sense of where Noetherian conditions enter into arguments. Finally, for some people, non-Noetherian rings
naturally come up. For example, adeles are not Noetherian. And many valuation rings that naturally arise in arithmetic

and tropical geometry are not Noetherian.
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3.5 The function /(-), taking subset of Spec A to ideals of A

BT AL B 5% 2] 1 vanishing set V/(-), MIRICEHF AR THIWE, A7 LE/E RGBS spectrum H1#)F
FH DR T B2k, BATATLUE SR spectrum 77 (552 B (0] B A8 F) 051 57,
EX 3.5.1 8 A A—A3K, 8 S A Spec A 89F %, A4 =L
I(S)={a€A:a (modS)=0}={acA:aecS =0}

PP I(S) # Spec A F R4 S L vanishing 4954, #8353 1(S) = N,eqp-
M/ 3.5.1 % A H—/AN3K, IR2

1. IS)C AR Awg—/ 32,

2. dm R S C Sy CSpecA, AA I(Sy) C I(Sy).

3. I(S) = I(9).

WERR 1. 1% f € I(S), MM TAEERI pe S, #H fep MAXNTIEER ge A, B fgep. XM fg (mod p) =0, &
Fg e I(S), BI I(S) A A EmAL.

2. % feI(Sy),pe S, MApeSy, # f (modp)=0, BRI feI(S)) & I(Sy) C I(Sy).

3. BN S S, Fibgia E—&E%RE I1(S) c I(S). #RFIEY 1(S) c I(S). 1&¥% f € 1(S), WaxtTiER
pesS, A f (modp)=0, WA pecV(f). ZWMW S cV(f). BT S NERIKIESE S HHE, BTl ScScV(f). wa
MTAERM pe S, #A peV(f), Ma f (modp)=0, B feU,zp & fel(S), TR IS) cIO). O

Bl 3.5.1 &% K A%, A= Klz,y]. BX S = {(v),(z,y — D)} A2 I(S) & T (0,1) AR x =0 AR LN LA,
M 24k f(z,y) € I(S), #A flz,y) € (z,y—1)N(y). 8T (z,y - 1y) = (zy,y(y — 1)) C ((z,y — 1) N (y)). FTA
I(S) = (zy,y(y — 1))

* (0,1)= [(x,y-N1

[(w]

Kl 3.6: £4& S

SIHE 3.5.1 %X Alwy, 20, - ,2,] A—ASAEAKXIK, £; & I, J # £ monomial ideals, IR 24 INJ 89ERTH
lem(m;,n;), m; € I,n; € J.
Bl 3.5.2 % )& SpecClx,y,2], BFiX S C SpecClx,y,2] A=FteyHH, B S = (z,y) U (2,2) U (y,2). ®5|3E3.5.17T %=
I(S) = (z,y) N (x,2) N (y, 2) = (2,22, 2y,y2) N (y, 2) = (2y, 22,y2).

# I(S) = (vy,z2,y2).
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EH 3.5.1 % A A%, Bk SCSpecA, L VI(S))=S. Fikka® S BN, N V(I(S)) =S.

WERR BT I(S)={fcA:Vpec S, fecp} FTbA V(I(S)) ={p €SpecA: fcp} ¥ feI(S), MAXFTEENpecS, #
H fep ZXFLEUH S cVU(9). BT VI(S) £2—MH4EE, Bt ScScVI(S). B& S=V(),JcCA HBa
ScV(J), Bl JCI(S). ZHMHIRT S=V(J)DVI(S)), #h V(I()) =S. O

TEI 35.2 it A AR, JCAHEE, W I(V(]) =]
WERR f € I(V(J)) B f 7E V(J) L& vanished /1, 1 radical FI5E XATHL, XHHANY fe VI, #1(V(J))) =+J.O
G 3.5.1 V() F I(-) £ HTES
{closed subset of Spec A} «— {radical ideals of A}

Z Ay ——3F .
¥ 3.5.1 AR AR ALMARN Hilbert B 52, Rit AP RAE, BRNAZ2ME.
B1353 X J=(22+y?—1Ly—1). EZFH 22=(22+y> - 1) - (y—U)(y+1), Fiaeecl(V(J))=VJ 2R ¢ J
EIE 3.5.3 % A AHF, WV(),I() A4ETES

{irreducible closet subset of Spec A} «—s {prime ideals of A}

Z 1A by G, I b b ¥ T LAfF 5, Spec A ¥ 49,85 Spec A ¥ 8 irreducible F| 2 H ——3F 2 X & . Bk Spec A F &95—/A
irreducible W 4R A —A generic point, BPEE Spec A ¥ 49 drreducible W% Z #57T AYE—894K B A generic point FT#)
A6 {2}, 2 € Spec A.

MERR ¥ p € Spec A. A I(V(p)) = /p=p. XU V() &M Spec A £ Spec A IR —AN 5k, HA LW I(-). 40
BVp)=V(HuV(J)=V(IJ), HVI),V(J]) #HE V(p) WETE, B4 p bl VI,V HETFE BT VIJ=p, B
WHEE z e VI\p,y € VI\p 813 2y e VIT =p. WL H zep 8F yep. X5 o,y KIRERETIER, W V(p) NEESR
R PLERIFE, B V(p) & irreducible ).

H—0H, p=V(p)=V({I({p}) BEWEA p PME—MBEZREM p, Hp 5 V(p) 2. O

E 352 FHRE, AMNH——HE
{radical ideals} +— {closed subsets}.

EX 3.5.2 (minimal prime) %X A H3, # p € Spec A A minimal prime ideal & minimal prime, %=} C ZEZH
8 ascending chain ¥ 1L F & £ 3%.

Bl 3.5.4 3% K[z,y] ¥4 minimal prime ideal 2% (0).
EHE 3.5.4 i A N—AR, MA”E——HE
{irreducible components of Spec A} <— {minimal prime ideals of A}.

FAH, Spec A & irreducible 89 % BAXE A A K —A minimal prime ideal.
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MUERA HHEEE3.5.37 K1, {71E Spec A H' irreducible close subset 5 A ' prime ideals Z [HIXUF. HT p € q HHAY
V(p) D V(q). BIIE@E p & minimal prime, 4 V(p) #s& maximal ).

A4 Spec A 72 irreducible B4 HAY® V(0) & maximal [, 4 HACYFAAEREA po 72 minimal prime ideal, HJE2
A HME—F] minimal prime ideal. (]

EIC 3.5.2 Noetherian 3 R A A % % A~ minimal prime ideals.

MUERR % R /& Noetherian ¥, 54 HE3.4.147 %1 Spec R & Noetherian 75 [A]. A4 PR 3.4.27 A1 Spec R
RHIAT A AR AR Z A irreducible closed subset 3. 454 BE3.4.97 41 Spec R %2 R HHREL ) irreducible
components. 545 A EH3.5.41— XA Al A F 2 A HRZ D minimal prime ideals. O

Bl 3.5.5 & K A—/", KMkTFK Klz,y]/(zy) T4 minimal prime ideals.
BT Klz,yl/(zy) WEFERE Ko,y P& (vy) WFRB——3F 5, & Kz,y]/(zy) THEFELE Ko,y FE&
r RAH y HFEB——3 g, FTAKMNARM

Klz,yl/(y) = K[z], Klz,y]/(z) = Ky].
B4 o RFE ¢y HEREF, MAEBAIARR (z,y), BLEAMNARM
Spec K[z, y]/(zy) = Spec K[x] U(o,0) Spec K [y],

A FCHEE (v,y) EF. RA Klz,yl/(zy) ORDEZAXRAUTILA TR : R p @8 o, BAp £ Klz,y]/(z) =
Kly] ¥ 891% 64 °E—8 minimal prime ideal 73 (0) C K[y], EX 2T (z) C Klz,y]. £33k, X p @2y, A p &£
Kz, yl/(y) &% E—& 2 minimal prime ideal A (0) C K[z], Zx 2T (y) C Kz,y]. ZHHA Kz, y]/(zy) FRA B
AN minimal prime ideals, €A A A (x), (y).

3.5.1 Beginning of a grand dictionary between algebra and geometry

PATVE LA BT WA, A2 N HAIH A%, DA% 3R ol AEC S ) LT X L.

K& JUAfr] Ak

A affine scheme Spec A SEX3.1.1
p N AFHREME p N Spec A H#) 5 EX3.1.1
AT R f Spec A _LIJREL f EX3.1.1
[ (mod p) flp)s fAER p HEHUE EX3.1.1
fep PREL f 7E 5 p Ab vanishing EN3.1.1
A [ nilradical N'(A) = 1/(0) = Np | Nilradical H1f)p%7ESE— 55 45 vanishing EF3.1.7

Spec A H1[1] closed point;

A Ty maximal ideal E H— N APTH KT irreducible closed subset jEH3.4.6
p N AFIREEME Spec A H1[#] irreducible close subset V(p) EH3.5.3
A F ] minimal prime ideal Spec A H1[] irreducible component EH3.5.4
A K] radical ideal T =+/T = I(S) | Spec A ML S =V (I). #Ei£3.5.1

R 3.1 B LT X R
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3.6 The structure sheaf

EX 3.6.1 (Structure sheaf) % A &3, f € A, Hik multiplicative subset S A ETHIR T & V(f) ASNEA R EH
BHEPTH R EES (PR s €S, W V(s) C V(f) &#& D(f) C D(s)), T localization S~*A A Ogspec a(D(f)). 22 %
D(f) C D(f"), MexT

resp(s),0(f) * Ospec A(D(f')) — Ospec a(D(f))

T A R —A sheaf of Tings Ogpec 4, HANARE A structure sheaf.
EE 3.6.1 A AARRM Ar — Ogpec a(D(f)).
MERR B EFAE H
S1A = Ogpec a(D(f)) = {% cacAse AR s 7E V(S) um&ﬁiﬁ,ﬁ} - {g .a€ A D(f)C D(s)}.

FH a2 33.3.3 1] 40l
{% ae A,D(f)C D(s)} - {g cae A s TE A ﬂlﬂﬁfiﬁ}.

BN o A= Ap, BT o({fm}520) C A3, XH A5 52l Ay P AT TR S, I AH S

A
/V
AL - 4

STtA

Kl A — S'A N canonical map, ACH ¢: A— Ay, HAH localization FZ AT S™1A 5 Ay ZAAFFEME—
PO, FLU A& BT DUNTE SRS, #8 S™1A 5 Ay ZIAMFAERIN, BN Ospec a(D(f)) =2 Ay O

EX 3.6.2 (Ospec a-18) 8 A A=A, M A—A A BIR S AA L V() VAINEA R BB RATH R multi-
plicative subset. AR 43¢ S~*M H M(D(f)), XZ fe A €*F

resp(s),p() : M(D(f)) = M(D(g))
T AM R —A sheaf, BAVFRA Ogpec 4 -HE.

¥ 3.6.1 EHBULAMTAES, M(D(f)) = M;, VAR M(D(f)) # Ospeca(D(f))-#. $3b M 42 Spec A L4 sheaf.



	前置知识
	环论
	可除群
	域上的代数
	交换代数中的代数
	域

	层论
	预层与层的概念
	预层与层的态射
	Abel群的预层可以构成一个Abel范畴

	由Level of Stalks所决定的性质，Sheafification
	Stalks所决定的性质
	Sheafification
	Subsheaves and quotient sheaves

	Recovering sheaves from a ``sheaf on a base"
	Sheaf on a base
	Gluing sheaves

	Sheaves of abelian groups, and OX-modules, form abelian categories
	Sheaves of abelian groups form abelian categories
	OX-modules

	The inverse image sheaf
	The push-pull map
	The support of a sheaf, and the support of a section of a sheaf
	Extension by zero, an occasional left adjoint to the inverse image functor


	Toward schemes
	The underlying set of an affine scheme
	Spectrum of ring
	Hilbert零点定理
	Quotients and localizations
	Important fact: Maps of rings induce maps of spectra (as sets)
	The fault of nilpotents

	The underlying topological space of an affine scheme
	Vanishing sets
	Zariski拓扑
	Important fact: Maps of rings induce continious maps of topological spaces

	A base of the Zariski topology on SpecA: Distinguished open sets
	Topological and Noetherian properties
	Connectedness, irreducibility, quasicompactness
	Possible topological properties os points of SpecA
	Irreducible and connected components, and Noetherian conditions

	The function I(), taking subset of SpecA to ideals of A
	Beginning of a grand dictionary between algebra and geometry

	The structure sheaf


